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The probiem of calculation of 7, of a superconductor with a planar defect is solved subject to
fairly general assunptions about the defect. The equivalence of superconducting properties is
demonstrated for a topological defect of a twinning plane type and a scattering defect in the form
of a monolayer of foreign atoms. A system of nonlinear equations for a localized
superconductivity is derived. Itis shown that in addition to a phenomenological Buzdin-
Bulaevskii picture [Sov. Phys. JETP 57,426 (1983) ], it is possible to provide a different
explanation which alters radically the interpretation of the experimental results of Khaikin and
Khlyustikov [JETP Lett. 33,158 (1981); 36, 164 (1982); 38, 224 (1983); Adv. Phys. 36,271
(1987) ] and, in contrast to the former, can give reasonable values of microscopic parameters.
Systems of periodically distributed planar defects are investigated. An analysis is made of the
possibility of reaching high values of T in a system of this kind because of Van Hove singularities

in the spectrum of two-dimensional Tamm energy bands.

1.INTRODUCTION

Khaikin and Klyustikov' discovered a localized super-
conductivity near twinning boundaries in Sn at a tempera-
ture 7. = 0.04 K higher than the transitionat T, =3.7 K
in bulk tin. This effect can be described phenomenologically
on the assumption that in a layer of thickness of the order of
the interatomic distance a near a boundary the electron—
phonon interaction constant A increases by an amount 54
compared with its bulk value 4, (Ref. 2). Assuming that T,

=T, + 67, is governed by the value of A averaged on a
scale of &(T.)~E(T.o/ST.)Y? (&, is the coherence
length), we readily obtain®

8T. 8L a\®
() M)
Ty Ao® Eo

Substituting the values 87, /T, ~1077%, a/€,~1077, and
Ay =0.3 for tin, we find that the change in A is very large:
S84 /A, ~30. This conclusion is supported partly by the ex-
perimental results: in small particles containing twinning
planes the suppression of the proximity effects makes it pos-
sible to raise 7., to 12 K (Ref. 1).

The following obvious questions should be asked: is in-
deed the increase in A so large, what is the mechanism of this
increase, and whether this mechanism can be used in deve-
loping high-temperature superconductors? These questions
not answered in published papers. The mechanisms pro-
posed in Refs. 3 and 4 and based on a change in the phonon
properties near a twinning boundary predict an effect which
is far too small. The possibility of initiation of a localized
superconductivity because of a superconducting transition
in a two-dimensional Tamm energy band is considered in
Ref. 5. For certain relationships between the parameters of a
postulated two-band model the value of T, is close to the
temperature of the transition of two-dimensional electrons
which is in no way related to T,. However, in view of the
phenomenological nature of the parameters used, it is not
clear whether this situation is realistic from the microscopic
point of view. Moreover, the very model used in Ref. 5 can be
objected to: in the presence of a split-off two-dimensional
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energy band the wave functions of three-dimensional elec-
trons cannot be plane waves in view of analytic properties of
the amplitude of the scattering by a planar defect. We shall
demonstrate however that under certain conditions the re-
sults of Ref. 5 can be given a microscopic explanation. It is
shown in Ref. 6 that 67, ~ T, because of a change in the
states in a continuous spectrum without allowance for the
contribution Tamm levels;, we shall show that this result is
incorrect.

We shall attempt a consistent microscopic analysis de-
veloping the ideas put forward earlier by the present au-
thors’ and based on an investigation of the BCS Hamiltonian
generalized to the case of a spatial inhomogeneity®:

i — jdr{ W) H W, (x)
1 - R . .
Lyl w i @i mTm ) @)

Hy=p*/2m+U(v),

where U(r) is the potential of a lattice with a twin boundary
and V(r)8(r —r’) is the potential of the electron—electron
interaction.

2. QUALITATIVEPICTURE

A twinning plane (Fig. la) differs from a monolayer of
foreign atoms (Fig. 1b) by the following topological proper-
ty: for a fixed selection of the coordinate (reference) system
the electron spectra ¢, (k) and &, (k) to the right and left are
different, although they are related by a symmetry transfor-
mation. It is interesting to consider the following question:
are the topological properties of a twinning plane important
in the case of the effects reported in Ref. 1? According to the
Hamiltonian of Eq. (2), the answer must be negative; in
particular, if the actual wave functions of an electron vary
sufficiently slowly, a rigorous theorem (Sec. 4) applies: for
each twinning plane we can identify a defect of the type
shown in Fig. Ib (we shall call it a scattering defect), which
has identical superconducting properties. In the present sec-
tion we shall consider the simpler case of a scattering defect
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FIG. 1.

assumed to be lying in the z = O plane.
In view of the translational invariance in the xy plane
the one-electron wave functions are

W (r) =S=" exp (k1) @as 0 (2), ry=(z, y), ky="{(ks k),
(3)

(s is the transverse quantum number and S is the area of the
system in the xp plane), where the functions @ | (2) satisfy
a one-dimensional Schrddinger equation describing a chain
with a defect at the origin of the coordinate system. The
spectrum of this equation represents a set of bands with a
local level split off from each of them; if we allow for the
longitudinal quasimomentum &, we find that local levels
become two-dimensional energy bands and the complete
spectrum assumes the form shown in Fig. 2. Splitting of two-
dimensional bands is the main effect that gives rise to a local-
ized superconductivity.

A natural generalization of the constant A = VN(0) to
the inhomogeneous case is a function

A()=V(r)N(0, 1), 4)

where N(¢) and N(e, r) are the average and local densities
of states:

N(e)=0"" ZS(s—en), (5)
N(a,r):Z [ ¥, (x) |6 (e—en)
1
— LY Yotk e, (o)
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(energies are measured from the Fermi level and Q is the
volume of the system). It follows from Eq. (3) that N(e, r)
depends only on z and can be represented in the form

N(e, z) =N,(e) +N.,.(g, 2) +N. (e, z), N
so that for ¥(r) = const we can introduce splitting of A(z):
A (2) =hoFhioe (2) Fhe (2) =he+0M (2) - (8)

Here, N, (&) is the density of states in an ideal crystal,
N. (g, 2) is the effect of changes in the states in the contin-
uous spectrum in the sum of Eq. (6) fors, and V. (¢, z) is
associated with local levels: in the case of one level this is
simply the zeroth term of the sum over s in Eq. (6):
2
1 DTN oee (b)) =Nao () |2 I,
Ryt

€
where £,(k ) and N, (¢) are the spectrum and the density
of states of a split-off two-dimensional band [ we are ignoring
the dependence of ¢, (z) on k; |. The quantity ¥, (¢, z) is
positive and it increases locally 4, but it can be compensated
by N. (¢, z) (Fig. 3).

A two-dimensional band of finite width must have Van
Hove singularities ¥, (£) «< In |¢ — g,|, which can increase
strongly N . (&, z). Bearing in mind that in the calculation
of T, thesingularities are truncated on the scale of the Debye
energy wj, (see the Appendix 1), we obtain an estimate for
the maximum value of 61:

(6ﬂ’)max/2’0~mln(‘]/mn)’ (10)

Ni(e,z)=

where J is the bandwidth and m is the number of the Van
Hove singularities which can be large (in the case of Sn the
Fermi level intersects five three-dimensional bands and,
consequently, four two-dimensional bands and each of them
several Van Hove singularities). Inclusion of N, (¢, z) does
not alter the estimate given by Eq. (10), because
N, (g, z) <N,y(¢e). In principle, the ratio 64 /A, can be large,
but it is unlikely to be ~ 30.

The difficulty outlined above can be solved as follows.
The estimate given by Eq. (1) is based on the assumption
that the superconducting order parameter A(z) varies slow-
1y near a defect, so that 61 is averaged on the scale of £(T).
However, if A(z) has a sharp peak near z = 0, then the vicin-
ity of the defect is characterized by a large weight in the
averaging procedure and 7. is higher than predicted by Eq.
(1). An analysis shows that A(z) can be represented in the
form"
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FIG. 4. Dependence of the transition temperature 7', on the parameter
A representing the amplitude A, (2); Here A * is the lower limit of exis-
tence of a localized superconductivity. The shaded region identifies the
conditions under which it should be possible to observe a localized super-
conductivity in practice.

A(z)=No(2)+(2), (11)
where the function A, (z) is localized at |z| Sa and ¥(z)
varies on the scale of £(7). If 4. 4, [4,.. represents the
amplitude of 4, (z)] the amplitude of the peak is small,
Ay(z) S9(0), and T, can be estimated on the basis of Eq.
(1); however, if4,,. ® A, itis found that A (z) ~¥(0)£/a,
i.e., the order parameter is localized at an atomic distance
from a defect and it has only small “tails” extending to dis-
tances ~£&(7T); we then find that 67, ~ T, (Fig. 4). It is
interesting that the strongly localized regime appears only
when the increase in A is associated with N(0,r); however, if
it is related to V(r) and we have N(0O,r) = const, then the
estimate given by Eq. (1) is valid right up to 84 /A, ~&y/a,,
i.e., practically always.

According to the theory of Ref. 2, a localized supercon-
ductivity can exist if the following quantity is positive:

adh Ej oA (2)dz =J [Aiee (2) + A, (2) ] dz, (12)

which for V(r) = const is governed by the change in the
average density of states ¥(0) and is equally likely to have
either sign; for example, it may be positive if a Van Hove
singularity 4 (Fig. 2) is closer to the Fermi level as a result of
splitting of the two-dimensional band than in the unsplit
state 4 ', but it can be negative in the opposite case. Experi-
ments however indicate a shift of the probability in the direc-
tion of a localized superconductivity: it was found in five
metals and reported in seven papers.' According to the pro-
posed theory, the quantity (12) must be positive only in the
case of a weakly scattering defect when the radius of a bound
state ¢ is large and the amplitudes NV, (&,z) and N, (¢,2) are
small (Fig. 3). In the case of a sufficiently strong defect
because of the smallness of @, we find that the condition
A 1oe R Ao is satisfied [NV, (€) in Eq. (9) is limited from be-
low by a value of the atomic order] and a localized supercon-
ductivity can exist irrespective of the value of A, (z): the
point A * in Fig. S depends on A_(z), but it is always smaller
than A,.

If A . R A, the function A(z) is localized at |z| Sa and
T, is so low that it is practically undetectable (the sensitivity
of the magnetometer used in the investigation reported in
Ref. 1 madeit possible to detect an ideal diamagnetic layer of
thickness 2 10a). A localized superconductivity can be ob-
served only in the vicinity of T: T.o< TS T. o+ 6T 4,
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87./87.0

FIG. 5. Dependence of the temperature range of existence of a localized
superconductivity §T, on the distance L, between twinning planes (67 4
is the value for a single twinning plane): @) experimental points for two
closely spaced planes; O) sample with a high density of twinning planes.
Acbording to Ref. 2, the black dots should lie on curve I and the open
circles on curve 2. According to the theory proposed in the present paper,
the range 87, is 5T, and the adopted analysis of the experimental results
is meaningful only if L, €£(T,) (Sec. 7); then, the black dots reach the
value 2 (curve 3) and the open circles fit the dependence L 5~ ** with an
undetermined coefficient, as represented by curve 4 (the coefficient is
selected to ensure the best agreement with the experimental results).

when the amplitude ¥(z) becomes sufficiently large; if 4,
>, (Sec. 6), then

5Teﬁ' Tc a
TLO T(O §0

(13)

Substituting 67/ T.,~ 1072 and a/&, ~ 10 ~*, we obtain
T./T,, ~ 10, which corresponds to 84 /A, ~3.

In the case of two closely spaced twinning planes the
quantity « is replaced with 2a and the temperature range of
existence of a localized superconductivity widens fourfold
according to Eq. (1) and twofold according to Eq. (13). For
a system of twinning planes distributed periodically at a dis-
tance L, <£(T, ), wefind that 7, « L 5 ', and, according to
Ref. 2,87, « L ; ¥ follows from Sec. 7; the true value of T,
for A, ® 1, 1is practically independent of L: a reduction in
L, simply improves the conditions for its observation (the
critical current, magnetic moment, etc. increase). There-
fore, if 4 ,. ® A, the predictions of the proposed theory dif-
fer from the predictions given in Ref. 2 even at the phenome-
nological level, which can be used as an experimental check
(Fig. 5).

It follows from the above discussion that in the case of
twinning boundaries in Sn the ratio 84 /4, amounts to a few
units, whereas according to Eq. (10) it can be considerably
larger. Therefore, we should seek defects characterized by a
higher value of 84 /A,. For example, it is possible to intro-
duce monolayers of a foreign material into a superconductor
and alter this monolayer so as to control the positions of the
Van Hove singularities. Modern apparatus can be used to
create such structures; then, in contrast to the systems with
twins considered above, the concentration of planar defects
can be very high. We cannot exclude the possibility that the
high-temperature superconductivity of oxides® could also be
interpreted by the proposed scheme if the Cu-O planes are
considered as planar defects; in particular, a quasiphase
transition at 4, =4, (Fig. 4) can be used to interpret the
“superconducting explosion” of 1987 (Ref. 7).
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3.INITIALEQUATIONS

We shall now postulate the properties of planar defects
which we shall use later (Secs. 5-7); they will be justified in
Sec. 4 on the basis of certain model representations.

1. We shall assume a translational invariance in the xy
plane so that the wave functions can be written in the form of
Eq. (3); we shall ignore the difference between the Bloch
functions of an ideal crystal and plane waves.

The equations for the superconductivity of a system de-
scribed by the Hamiltonian of Eq. (2) are the usual Gor’kov
equations,'® but the Matsubara Green function G, (r,r’) for
anormal metal, which occurs in the above equations, should
be deduced from the eigenfunctions of the Hamiltonian H;
in view of separation of the variables, we find that

. .
G,(x,x')= ‘S—Z eXP[ik’n (r”—r”') ]ka” (z,2"), (14)
Bj (Psk” Z) (Psk“ ( )

Gory (2, 2) = i — e, (k)

Iteration of the Gor’kov equatlon can yield an equation con-
taining only the superconducting gap A(r) as the unknown
function (Ref. 11); if we allow for the one-dimensional na-
ture of the geometry of the problem, we find that the corre-

sponding result is
{j'dz, Q,h“ (z,24)

M@=V Y, |-

jo[<ep

(2)

X A(2,) G (21,2)

s, dz,d2,Gur, (5,22) A (56— (22)
X A'(z,) Gwh“ (22, 25) A (25)
X Crup (32)F.) (15)

[#th term of the series on the right-hand side contains 2#
functions G, woky and 2n — 1 functions A(z) with the common
coefficient ( — 1)"*+1].

2. We shall assume the presence of a split-off two-di-
mensional band, so that one of the function ¢, (z), for exam-
ple that characterized by s = 0, is localized at |z| S a. Separ-
ating the zeroth term in the sum over sin Eq. (14), we obtain
the splitting

Gy (5,5) =G (2,5) TGy (3,7),

6 (095 @) (10
io—eo (kll)
We shall ignore the dependence of ¢,(z) on k“ which is ri-
gorously justified for the spectrum e (k) = &,(k ) + £,(k, ).

3. The function Gmk” (z,2") is of the order of 1/v, and it
is localized because of the difference between the arguments
on the scale of v./w~§&, whereas for zz'2 &, and

—2z,—2z'R¢&, it is identical with the Green functions
E‘,‘k)” (z—2)and G  (z—Z2') for the right- and left-hand
halves of a crystal.

4. We shall assume that the right- and left-hand halves
of a crystal are identical or are related by mirror symmetry
so that the functions G (E)lk)H (z—2') and G i,zk)H (z—2') are
linked by one of the following relationships:

log
Gl (,2") =
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G (z—2) =G (2—7), Gu (2—2')=Gap (#=2). (17)

The kernel K(z,z') of a linearized equation (15),

M@= a7 K 2)A ), (18)
has thesame value Ko (z — 2') forz, 2’ 2 §,and —z, —zR £,
because of Eq. (17) and in this case we have the splitting
which follows from Eq. (16) and if we ignore the convolu-

tions GG, which are small on the scale of ~a/. £, (see Sec.
6), we find that

K(z,2)=K(z2—7)+K, (2,2 )+ Ki,.(2, ), (19)

Ko (2, z)—V(z)TZj ézk; Icp;(oz()k}”)lzci 1

(20)

where K, (z — 2') is localized at |z — 2’| S &,, K, (2,2') at |z|,
|z'| =&y, and K, (2,2} at |2],|Z'| Sa.

5. It follows from Eq. (19) and from the sum rule for
the kernel K(z,z') that®

(K2 dz=(5)m 1'1;“”” : 1)

yields the splitting (8) for A(z) and the function A_.(z) is
localized near z = O not on the scale of £,, but at an atomic

distance because of the specific alternating-sign structure of
the kernel K_(z,z").

4. ELECTRONIC PROPERTIES OF PLANAR DEFECTS

We shall now justify the properties of planar defects
postulated in Sec. 3. The eigenfunctions of the Hamiltonian
H, will be sought in the site representation considering, for
the sake of simplicity, just one energy band:

Z](r,r')‘F(r'):E\F(r). (22)

In the case of defects shown in Fig. 1 a translational invar-
iance in the xp plane is self-evident and it means that
J(rr') = J(r) — s z,z"). Separating in Eq. (22) the longi-
tudinal motion, we obtain

Z‘J“' (k)@ (z)=ke(z),
) (23)
—h :Z J(ry; 2,27 ) exp (ikyry).

Scattering defect. For ascattering defect (Fig. 1b) anda
fixed value of k the overlap integrals J , have the property

0
Jowr=J 0 460, (24)

where 67

1. The problem of existence of a local level can be solved
by the Lifshitz method.'? Introducing the Green function of
an ideal crystal G (z — z') and applying Eq. (24), we can
write down Eq. (23) in an integral form. The limits of the
spectrum £(k ;,k, ) for an ideal crystal with a fixed value of
k, will be assumed to correspond to quasimomenta k, = k,
and k, = k,;if Exe(k,k,), and @ =0 or 1, we have

, is localized in |z|,|z'| S a.

G’ (z—2' ) =Gx(2—2 Yexp [ik(z—2") ],
(25)
o (2)=g(z)exp(ik.z),
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where G (z) and @(z) are slowly varying functions of z.
Then Eq. (23) yields

7 (2)=9(0)Ge(2) W,

(26)

W, = 2 8. explik,(z'—2) 1.
Assuming that z = 0, we obtain the following equation for a
local level'%: in view of the divergence G (0) = G £’ (0) in
the limit E—¢e(k,kq ), it can exist even for infinitesimally
small values of J_,. In the case of a diagonal defect we have
8J . =08J,6_,,the equality W, = W, is valid, and the level
exists always; if W, > 0, it splits from the upper edge of the
energy band, whereas for W, <0 it splits off from the lower
edge. In the case of the nondiagonal defect we have W, £ W,
and the situation becomes more complex: if W,,W, > 0 the
level splits upward, whereas for W,,W, <0 it splits down-
ward, for W, >0, W, <0itis absent, and for W, <0, W, >0
there are levels split off from both edges of the energy band.
In the case of typical metals this complication is unimpor-
tant: the Fermi level intersects several energy bands (Fig. 2)
and on the average one levels splits off from each band.

2. Near the band edge any defect appears to be point-
like so that 5_, = W5,,6,,,, and for such a defect we can
readily find the Green function for Eq. (23):

Gz(3, 3)=G" (22" )+ G () W1-WG:'(0) ] 7'G=" (7).
(27)

The required function G, K, (z,2') is then obtained by the sub-

stitution E — iw. We shall assume that near the band edge we

have

By kS
+

Zm!; 2m

e (ky, k) = ZJ:‘” (k) e™ =—gy+ ,
) (28)

EL=12m(esr—kp2m) 1", v,=k"m, n=—mW

(&p is the Fermi level measured from the band edge). Equa-
tion (27) depends on a parameter (k2)?
=2m(ep — k ﬁ/ 2m), and integration with respect to k; in
Eq. (15) covers the range (k2)*>0, and also (k?)?<0,
where we have correspondingly

G, (3) < exp(—|wz|/v), Gy, (2) « exp(— k] |2]).

In the second range of existence the important region is that
in the vicinity of a pole (k9)? = — 2, where G, is identi-
cal with the function G L‘,’,f“, defined by Eq. (16). The func-
tion G‘wk” which results from the splitting of Eq. (16) is rela-
tively small, ~1/v, in the main range of the values of k|
and it plays an important role in Eq. (15) only ifits radius of
localization in respect of z and z' is large, i.e., in the range
ep — ki /2my ~gp:

G on Nes z') =G£h]3 (z,2") +G:,k“ (z,2),

, isgn @ . ,
Gy y(F=a)=—— exp(ik.”|2—z" | sgn @)
o] |z—2
Xexp(—l—l—|—-~‘—>. (29)
Y v,
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1

Gony (2,2)) = > mexp[ikﬁ(lﬂﬂdl)sgnm]
! [ I(DI([ZHIZII)]
X exp| ————————|.

The properties Sec. 3 are given by the system of equations
(29).
3. The local density of states N(0,z) can be found from
. Sgn @ d’k,
N(0,z)=—1lim Im
( ) u:l->0 T (23’12) 2

G(.,k” (z,2). (30)

If we represent N(0,z) in the form of Eq. (7), we find
that the asymptote N, (0,z) is described by

— ? %0 (n) e,
N:(0,2)= l -

kp>yu

) (31)

my sin 2kz
—_— kegn

4n? z

where k. = (2me)'2. Hence, it is obvious that 4,.(z) is
localized at |z| Sa.

4. In a system of finite length L along the z axis we find
that Eq. (31) remains valid to within ~a/L inclusive, so
that the contribution of a defect to the average density of
states N(g) of Eq. (5), which is of the order of a/L, appears
only in the vicinity of the defect and can be found by integra-
tion of Eq. (31) with respect to z [in calculations accurate to
within ~a/L the quantities N(&) and N(¢,z) should be un-
derstood to be the functions which are smoothed out in order
to eliminate the size quantization effects'*].

At first sight the change in ¥ (¢) should result in a small
( ~a/L) shift of the Fermi level, in accordance with the rela-
tionship :

eptbep

§ Norde= | Neeree, (32)

— -0

which should be allowed for in a discussion of periodic struc-
tures in Sec. 7. However, the change in N(¢) is acquired only
in the vicinity of a defect |z| S a, so that a shift of the Fermi
level causes charge separation; a charge surface density
~e/a* appears in a defect, whereas a compensating bulk
density ~ e/a’L is formed in the bulk. Consequently, an
electric field & ~e/a” appears in a sample and its energy is
~e’L /a® per unit cell of the surface. This energy can be
reduced to ~e*/a by: a) a redistribution of electrons result-
ing in screening of the excess defect charge on a scale of ~a;
b) creation, near a defect, of a lattice deformation which
compensates the excess electron charge because of a change
in the ion concentration. The effects a) and b) suppress the
shift of the Fermi level by altering the scattering properties
of a defect, which should now be determined in a self-consis-
tent manner. Under equilibrium conditions we have a rela-
tionship similar to the Friedel sum rule'*:

j de 5. dz{N,..(e,2) +N (e.2)|=Z.;:. (33)

— —oe

where |e|Z ¢S is the excess charge of the ions localized near
a defect. In the case of a point defect the relationship (33)
links » to Z ;.

Twinning plane. In the simplest case a twinning plane is
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a plane of mirror symmetry and the overlap integrals of Eq.
(23) have the property (J (9 #J @)

J“,=Jz(r‘22 foir z,z'>>a, Jzz'=Jio_)z' for —-Z,—Z,>>d. (34)

If b =c, the system shown in Fig. 1a is periodic and
there is no local level. We shall show that this level appears
immediately » deviates from ¢, no matter how small the devi-
ation. Itis clear from Eq. (34) for a fixed value of k“ that the
spectrag, (k,) andg, (k,) fortheright-and left-hand halves
of a crystal are related by €, (k) = £,( — k); near the edge of
an energy band we have

er(k)=Eo+B(k—ko)?, e.(k)=E;tp(htk)> (35)
We shall substitute in Eq. (23) the following expressions:
@ (2)=0(z)e™®, u(z)—ko|z|, |z]|—>x.

the function @(z) varies slowly and we can expand Eq. (23)
in terms of gradients:

W(z)p(z)+a(2) (2)—B(2)g" (2) =EF(z), (37)

where

W)= Z,J (@)= Y () o,

rNs (38)
om - DED

jzz'zjzz' exp [lu(z’)—lu(z)]

Comparing the spectrun of Eq. (37) at large distances
from a defect with the spectrum given by Eq. (35), we find
that in the limit |z| -

W(z)—~E,, a(z)~>0, §(z)—B. (39)

Separating from W(z), a(z), and [(z) the asymptotes of
Eq. (39), transferring the corresponding terms to the right-
hand side of Eq. (37) and introducing a Green function
-Gy (z — z') for the right-hand part, we obtain

¢ (2)=Ca(2) [ WG (0)+Ag (0)+Bg” (0) ], (40)

where

W YW —E], A= Yia(), B=3(p—b()].
41)

Equation (40) yields the following expression describing a
local level:

1=WGx(0)+AGK (0)+BG" (0). 42)

If |6 — c| <c, then the constants W, 4, and B in the above
expression are small. Since out of all three functions G (0),
G (0), and G%(0) only the first diverges in the limit
E— E,, we need retain only the first term on the right-hand
sides of Eqgs. (40) and (42); then these equations become
identical with the corresponding equations describing a scat-
tering defect [see Eq. (26)].

The expression for the constant W in terms of the over-
lap integrals is obtained from Eq. (38) and in the lowest
order in b — ¢ it becomes

551 Sov. Phys. JETP 68 (3), March 1989

36)

we Y s 0 Y U I

z,2"20 z,2' <0

+Z W —d T (43)

2.2/ <0

Here, u(z) can be k,|z| because the difference in W associat-
ed with different selections of #(z) is a quantity of a higher
order of smallness. If we ignore the lattice deformations, we
find that

L=, forzz20,  Jo=J"w forzz'<0 (44)

and Eq. (43) simplifies to just the last term. When the over-
lap integrals decrease rapidly with distance (for the notation
see Fig. 1a), we have

W=2(Jo.' = Jse). (45)

If we allow just for the nearest neighbors, we find that there
is no local level."” When Eq. (45) is valid, a level splits off
always because near the other edge of the band the constant
W is the same.

It follows from the above discussion that the substitu-
tion of Eq. (36) reduces the problem of a twinning plane to
that of some (strongly off-diagonal) scattering defect. Sub-
stituting Eq. (36) in the expression for GmkH of Eq. (14) and
into the Gor’kov equation (15), we find that factors
expliu(z)] cancel out in all the terms of this equation.
Therefore, we obtain the theorem (formulated in Sec. 2) of
equivalence of the superconducting properties of a twinning
plane and a scattering defect in the case when the Fermi level
is located near the edge of an energy band.

In general, the expressions for the Green functions are
cumbersome (see the Appendix 2) and they differ consider-
ably from those for a scattering defect, but all the properties
formulated in Sec. 3 are retained.

5. TWO REGIMES OF LOCALIZATION OF THE ORDER
PARAMETER

1. The temperature 7. of the transition to a localized
superconductivity state is found from the condition of solu-
bility of Eq. (18) with a kernel given by Eq. (19) [it is as-
sumed that V' (z) = const]. If the Fermi level is close to a
Van Hove singularity so that ¥, (¢) «In |¢|, we canignore
the kernel K, (z,2') compared with K . (z,2'). In view of the
degenerate nature of the kernel K, . (z, z') the equation ob-
tained is readily solved by introducing Fourier components:

L1400 (96°),

Aq=A¢V17VZD (0) In T m,

(46)
Aﬁ_q,:.f dz A(z) |@o(2) |

The condition for self-consistency of these expressions is
Lidoo dﬁ (o") 4 (@©0") = (47)
T " 2n 1-K(q) )

We shall divide the above integral into regions |g| S&4 ',
£y 'Slg|Swp/ve and |g| R wp /vp; in the first region we
shall assume that
. 1,140p 1 2] g [ 72(3) ]”2
Koo =ho| WP -] a=2E{ ]
(48)

1=VN,5(0)1n
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and in the third region we shall postulate that K,(g) = 0;
the integral due to the second region is small. We thus obtain

Lhon) (1 af T
T 7\10 Eo

]%—kl},(49)

1:7\,1,,0111( 2(T—— T(_o)

where

I}

1 hice : ;
' TL{) {1 + ( g }\I (}\l ! 7\1 ) ) ], 7\r0_7\iloc>> (a/go) /‘y7
0 13 0 loe
I 7\10_‘}\rloc I < (a/EO) %7
Aioe—ho™> (a/8o) %

T. ; y
Toli+ (0/2127\«0220) %1,
1,14(!)1) exp (_1/}\4106) 9

When A, is varied, the transition between the asymp-
totes (51a) and (51b) occurs in a narrow range ~ (a/&y)%/>
near A, (Fig. 5). In the limit a/£,—0 the point A, is the
actual phase transition point. The nature of the solution

/(Z) Xp[” gi;[) ]}
(52)

A(z)= const{ [@o(z) |+

]
£ o
S P o
obtained from Eq. (46) can be used to demonstrate the phys-
ical meaning of a phase transition: if 4, =A4,, a transition
takes place from a state localized on the scale of £(T) to a
state localized at an atomic distance from a defect.

The solution (52) is an even function of z. A phenome-
nological analysis carried out by Andreev'® demonstrates
that a solution odd with respect to z can also exist and it has
interesting properties. Such a solution is not obtained if
V(r) > 0 and if there are no magnetic effects; we then have
G, (rr') =G, (r',r) and the kernel

K(r,r')zV(r)TZ |Go(r,x’) |2 (53)

is a positive definite quantity. A Cooper instability appears
in the eigenfunction of the kernel K(r,r') corresponding to
the smallest characteristic value; this function has no
nodes."”

2. If N(O,z) =const and FV(z)=£const, the kernel
K(z,2') has a structure differing from that of Eq. (19):

K(z,7) Kﬂzz)+6v@)

K( ~Z)a (54)

where 8V (z) = V(z) — V. The second term is localized at
lz| Sa, |Z'| S &y; itis degenerate if we assume that z = Oin the
argument of the kernel K,. When Eq. (18) is solved by this
method, the range of integration with respect to ¢ in an
expression of the (47) type is limited by the values |g| S &5 !
and a strongly localized regime does not appear. Then, the
transition temperature T, is described by”

T.— Ty 1( dha )2
T, 2\ 08

(35)
abh Ej SA(z)dz =§ N, (0)8V (2)dz,

which confirms the estimate given by Eq. (1) and is valid if
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- = [ @) 4z (50)

—oo

}\rlnc= VN2D (O) a’—11

The quantity a is of the order of the localization radius of the
function ¢, (z). Then, Eq. (49) gives the asymptotes for the
transition temperature 7,:*

(51a)

(51b)
(51¢)

OA /Ay, S &y/a. Clearly, an increase in ¥(z) near the bound-
ary is of no qualitative importance and we shall therefore
assume that V(z) = const.

3. Inclusion of the kernel K.(z,z') can be made by the
methods described in the next section: the result given by Eq.
(51c) is retained and instead of Eq. (51a) we obtain

)
T, 2\'g/ -

— (7\.07Lc+—}\4_025 (}‘«0_7\4100) +}‘tloc (}\/0+7\4c) 2
}\103 (7\40“?\400)

(56)

for A,,. >A *, whereas we find that §7. =0 for A, <A *
The following notation is used here:

he=J 0 (3) [ u(3) | s,
(57)

_}:ca =j he(2)dz,

A qualitative difference from Eq. (51a) is the appearance of
a lower limit of existence of a localized superconductivity:
hoRe R .
A=A e B (—hode—Aot). (58)
(}\40}‘%—{_}\/@2) - (}\'0—’_}‘6) :

Aca==) A2 (z)dz.

By definition, we have 0<A * < A,, andif A, > A,, there
is a localized superconductivity irrespective of the value of
A.(z);forlow A, (z) and 4, (z) the condition A ,,. >4 * re-
duces to the requirement that the quantity of Eq. (12)
should be positive.

6.DESCRIPTION OF ALOCALIZED SUPERCONDUCTIVITY

In the range of temperatures near 7', we have to use the
nonlinear Gor’kov equation (15). Substituting ka‘ in the

form of Eq. (16) and employing the obvious symbolic nota-
tion, we obtain

A=[GAG—GAGAGAG+ . ..]
4 [GlocAGlac_GlocAGlocAGlocAGloc+ . ] (59)

The function G'*° o« 1/aTis localized for |z], |2'| S a, where-
as the function G « 1/ae,. differs from the former in the ab-
sence of a defect for |z|, |z'| S&,, and therefore the terms
retained in Eq. (59) are equally important; on the other
hand, the cross terms G™(G'*°)" are of a higher order of
smallness in a/&,.

In view of Eq. (52) the solution should be sought in the
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form of ]i?q (11), where the function A, (z) is localized for
|z| £ a, whereas ¥(z) varies on a scale of £(T'). The first set
of brackets in Eq. (59) contains terms with # factors A, and
its order of smallness is ~ (a/&,)" because of restrictions on
the range of integration with respect to z,; only the largest of
these terms need to be retained. We shall show later that
1(z) € T.,and that A, (z) can be of the order of ~¢(z) and
~T., so that we should retain terms of the lowest order in
¥, butinclude A, of every order. In the first set of brackets of
Eq. (59) we have to retain terms

GAG+COE—GHEPEHE (60)

(as usual, retention of a term cubic in ¢ is related to the
smallness of the coefficient in front of the term ~1); it will
be convenient to expand ¥ in the second set of brackets of Eq.
(59) later. The separation A = A, + ¢ can be made more
specific as follows:

A= (GPG—GPG) +[ G AGRe— Gl A Gloe A Gl A Gloe - ],

(61a)

P=G G~ GG GG+ TAG. (61b)

The function G ?Dk” is given by Eq. (29) for a scattering defect
and by Eqs. (A9)-(All) with y = — a = 7/2 for a twin-
ning plane. Consequently, we find that [see Eq. (21)]

@¢G—G“¢G°_,1p(0)7»c(2)ln(1,14mD/T)’ (623)

CRaEa— GGG — —p(0) PO, ) TG
Ty Sa?

(62b)

and Eq. (62b)-can be ignored compared with Eq. (62a), as
was already done in Eq. (61). In view of Eq. (62a) all the
terms on the left-hand side of Eq. (61a) are localized at
|z| S a, as assumed for A, (2). The terms in the square brack-
ets of Eq. (61a) are summed because of the degenerate na-
ture of G'°°, to give the final expression

VN (0) | o (2) |°T Z f (63)

de ——— s
lolan s g*ta’+| Ay
where A, is defined by Eq. (46).

Equation (61b) without the term cubic in ¢ can be
solved for ¢ by adopting the Fourier representation. Since
the term GA,G does not contain the Fourier components
with |g| 2 £, ', it is found that if |7 — T, €T, the func-
tion ¥ (z) changes on the scale of £(7) as assumed above.
]

7\“Zoc> ?\’0
(_‘—"“MOC[—;}\’O) /27 7”100 —}"0<}“07

2(01) exp (—1/)"loc)7
Z0 =1 Ty
Ao

¢(O) —

where the parameter 7 governing the temperature interval
8T, of existence of a localized superconductivity is

6T L By @
_ 0T o Bo @ (71)
T, T,

7.PERIODIC STRUCTURES

We shall now consider a system of periodically distrib-
uted planar defects separated by a distance L,>a. The
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TCO (

After expansion in gradients of ¥ the term aAoé can be
replaced with the § function and transformed by the sum
rule of Eq. (21). Retention of these properties in the pres-
ence of a term cubic in ¢ can be demonstrated by construct-
ing an iteration series. We then obtain a system of equations
describing a localized superconductivity:

- Ay (e ] Aol
AO_}\/ZOC{DdS E(EZJF!A“Z)‘/; th aT !
(64)
Am='YD7V01b(O)+507
Au(z) =A™ (0) e (2) + Aol o (2) |, (65)
_TCO ,¢//< )+ ( )_Hs ¢(Z)|1/:(Z)1
2 Ty
=38 (2)alyo Aty (0) ], ‘ (66)
where the following notation is introduced
Do dolet 7¢(3)
— P A .
Yo o’ o ¥ 82 (67)
Equation (66) is readily solved:
T,,(2t/B)" T—T.,
_ ,_I-T (68)
b (z) shl (28)"(z+z) /81" ’ T,

The solution A(z) is fully described by Eqs. (65) and (68) if
we know Z and ¥(0), which can be found from Eq. (64).
If Ay — Ao > (a/E,)?°, the quantity A, is proportional.
to ¥(0) and the system can be described phenomenological-
ly by the Buzdin-Bulaevskii theory:
AZOC(KO+7LC) (2<tc_ﬂ )%
p

e ——— W =T
4 Mo (7\0_7\4!00) ‘p(o)v ¢<O) cO

(69)

However, the relationship between ¢, = 8T, /T, and 8/ be-
comes more complex [see Eq. (56)].

If A, —Ao>(a/&,)?"?, the theory of Buzdin and
Bulaevskii* is even phenomenologically invalid: in the
Ginzburg-Landau equation (66) in addition to the term
~1(0)5(z) thereis also a const §(z). The origin of this term
is attributed in the phenomenological method of Andreev'®
to the existence of a two-dimensional order parameter A,
and the presence in the surface energy of terms of the
Agb*(0) type. The quantities A, and 1/(0) are related to the
microscopic parameters by

/B ) Ve

NN R (70)

I

Green function G

ok and the order parameter A(z) are now

mk 0 (Z Z ) Gth (b /4 —I_ ZGAI;:C *17'4 “1)7 (72)

A(z)=¢(z)+ZA(,(zfzi), (73)

where z; are the coordinates of the defects and G lf,i“ is de-

fined by Eq. (16). Repeating the discussion given in Sec. 6,
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we obtain a system of equations of the (61) type; in general,
the quantity G — G'° does not split into a sum of contribu-
tions of the individual defects, but the results contain only
the quantity A, (z) [Eq. (62)], which has this property, so
that the only change needed in the system (64)—(66) is the
replacement of 6(z) with a sum of the functions §(z — z;).

Linearization of the system yields an equation for the
determination of 7,:

11405 ){ [ &’ Lo ]_i}
_ THhote’] —1F th ’
1 Aioc ]_Il( T o1 T [Lg(T) 2& (T)

(74)

which for Ly> £(T, ) reduces to an equation for an isolated
defect, whereas for L, < £(7, ), it yields

I TLO[1+"{“/L0], Ao—Aroe> (a/Lo)v’
Tco[1+'Y0 (a/Lo)‘hL I}\to_}‘llocl«(a/[’ﬁ)lh- (7sj

T, =
[ 1tdop exp(—1/Aie)y  Miwe—ne> (a/Lo) "

If A,.. ®A, the characteristic range of temperatures
where a localized superconductivity can be observed is gov-
erned by the following quantity in the case of periodically
distributed defects:

To~T[E(T)/Le]*, Lo<E(7), (76)

and for two defects separated by a distance L, this range is
described by

=21, L, <E&(1). (77)

In the interpretation of the experimental results (Fig.
5) we must bear in mind that 67,z has a quantitative mean-
ing only when we compare situations in which the tempera-
ture dependences of the physical quantities are of the same
type: for this reason we can extend the results of Egs. (76)
and (77) to the range L, % §(7) and find the coefficient in
(76).

The author is grateful to A. F. Andreev, M. S. Khaikin,
and I. N. Khlyustikov for discussions.

APPENDIX 1

MODIFICATION OF THE BCS EXPRESSION NEAR A VAN
HOVE SINGULARITY

Substituting into the self-consistency equation of the
BCS theory

‘ d
1=v | o) 2

2e 27T (AD

—op

the density of states in the form N(0) In (J/|£|) and assum-
ing that A, = VN(0), we obtain

114]1 ®p
®Wo nTc

1 1 ( ®p
—— = —\ln
}wﬂ 2 TC

) +in

J - 2
+Int44 1o [ Ane)ide (A2)

®p 4ch*(e/2)

0

Retaining in turn one of the two logarithmic terms, we find
that
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In(0/T.)>» In(J/oo),

opexp[—(2/A) "],
T, ~ (A3)
opexp[—1/AIn(J/05)], In(0x/T)<In(/oo).
(A4)

The result given by Eq. (A3) was obtained in Refs. 18 and 19
and it is valid only in the range 7.5 1 K, which is of no
interest from the point of view of the high-temperature su-
perconductivity. At values of T, which are not too low, we
can obtain estimates using Eq. (A4) representing the usual
BCS expression for the case with a Van Hove singularity,
truncated on the m, scale. The asymptotes of Eqs. (A3) and
(A4) are not very accurate and Eq. (A2) can yield also a
general expression

To=1.147 exp(— {2/t [In(J/0p) |*—1.31} ). (AS5)

Dzyaloshinskii'® demonstrated that when a Van Hove sin-
gularity is associated with a self-intersection of a two-dimen-
sional Fermi surface at a near-normal angle, an investigation
of the range 1 ~A,[In(w,/T)]* requires summation of a
“parquet” pattern. This is important only in the case of
anomalously small values of 4, because otherwise the terms
~In(w,/T,)In(J /o, ) predominate and the BCS expres-
sion applies.

APPENDIX 2
GREEN FUNCTION OF A TWINNING PLANE
In view of the mirror synmetry, the function ¢(z) is
A|v |~ e B v, | e, z>0
o -1{

C[ UII—‘lze—-ik,z_{_Dlvzl ~he=ihz 7<) (A6)

where k,, are the solutions of the ecjuation £,(k) = Eand we
also have v, [9¢,(k)/0k 1, _, . The coefficients 4, B, C, and
D are related by a unitary matrix which, after allowance for
the mirror symmetry, becomes

(B)_( e'“ cosy, iei“sinx)(A)

D/ \igwsiny  ei“cosy /\C/
The boundary conditions at the points z= + L /2 im-

ply the absence of transmitted waves outside the sample:

A exp(ikL/2) =B exp (ik.L{2+ig),

(AT)

(A8)
C oxp (i1 L/2) =D exp (il L/2+i9).

If we obtain the eigenfunctions and the eigenvalues and cal-
culate the sum over s in Eq. (14) for large values of zand Z/,
then for z> 0, 2’ > 0 we obtain

Go, (2, Z')=G‘E’Qu (z-2)
co
—isgn o -——Sl—{exp[i(oc-!-kgz—k,z') ]
[0, "

conl o) [B(o(2 )

Uy

+expli(—atkiz—k,z") ]

e =lo( =) [ ool -2,

(A9)
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ke,
ag:n)(z z)———zsganeXp[l (z-2) ]

|val

)02,

¢4

a=12

z
X exp (——Im (A10)

Ifz> 0, z <0, we find that

sgn ® —Sil-li,l— expli(at+hztkz’)]
[viw,|®
(-2
v, Uy

X exp[— ‘m
z 7 \
X G(co(——-l———))—-exp[i(—oc*l-lqz-l-kzz )1
v, U

xexo[~Jo ()]

ka” (z,2')=

(Al1)

The other cases are obtained from the relationship
a)k”(zz) wk"( _Z,—ZI)-

DSuch a splitting is not identical with the division of the order parameter
into “‘two-dimensional” and “‘three-dimensional” in Ref. 5; the latter
appear in Ref. 5 as components of a vector and not in a sum.

?The results given by the system (51) are identical with those obtained in
Ref. 5, where however they are expressed in terms of phenomenological
parameters. The result §7, ~ Ty, is obtained in Ref. 6 without allowance
for the contribution of Tamm levels. The source of error there is the
incorrect nature of the oscillatory factor in the second term in Eq. (A3)
for G, (x,x',k) in Ref. 6, so that the constant L, in the correct expression

(10) isfound-tobe L, ~&;. In reality, theexpression for L obtained by

the sum rule of Eq. (21) transforms into an integral § A, (z) dz~a.
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