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Abstract—High orders in perturbation theory can be calculated by the Lipatov method [1]. For most field
theories, the Lipatov asymptotics has the functional form ca™(N + b) (N isthe order of perturbation theory); rel-
ative corrections to this asymptotics have the form of a power series in 1/N. The coefficients of high order
terms of this series can be calculated using a procedure analogous to the Lipatov approach and are determined

by the second instanton in the considered field theory. These coefficients are calculated quantitatively for the
n-component ¢* theory under the assumption that the second instanton is (i) a combination of elementary
instantons and (ii) a spherically asymmetric localized function. The technique of two-instanton calculations
aswell asthe method for integrating over rotations of an asymmetric instanton in the coordinate state are devel-

oped.

1. INTRODUCTION AND MAIN RESULTS

According to Lipatov [1], high orders of perturba
tion theory are determined by saddle-point configura-
tions (instantons) of the corresponding functional inte-
grals. A typical asymptotics for coefficients Zy in the
expansion of any quantity Z(g) in the coupling
constant g,

2@ = 5z @
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has the form

Zy = ¢S T(N+b), N— o, 2
where §, is the instanton action and b and ¢ are certain
constants. The correctionsto the Lipatov asymptotics (2)
have the form of aregular expansionin 1/N,

= ¢S "I (N +b)
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and calculation of these corrections provides additional
information on the coefficient function Zy. It was shown
recently by one of the authors [2] that the series (3)
divergesfactorially and the typical asymptotics of coef-
ficients A for K —»= o hasthe form
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where §, and S, are the values of the first and second
instantonsin the given field theory, whiler and r* arethe
corresponding numbers of zeroth modes; we assume
that instantons are labelled in the order of increasing of

the corresponding action. The present paper has an aim to obtain

closed results for the asymptotics of Ak in the n-com-
ponent ¢* theory with the action

Sto. 6 = [d%G Y [ o)’
®)

O
N

n n
1 1 U O
+3m Y 9609 +790% ¢ O
2 4 N alln
a=1 =1
where d is the dimension of the space. Initidly, we
planned to calculate the constant in formula (4); how-
ever, it wasfound in the course of analysisthat the func-
tional form of Eq.4 should be corrected in the pre-
sence of soft modes.

Unfortunately, complete information on higher
order instantons in the ¢* theory is not available. It is
known [3] that the zero-node spherically symmetric
instanton derived analytically for d = 1, 4 and numeri-
cally for d = 2, 3 [4] possesses the minimal action S,.
Configurations with actions 25, 3S,, etc. correspond-
ing to severa infinitely remote elementary instantons
obviously also exist; for d = 1, such configurations
exhaust the entire instanton spectrum. ngher order
spherically symmetric instantons are high- lying* for

1 The second spherically symmetric instanton has an action 6.6,
ford=2and 6.3% ford=3.



d =2, 3and are missing for d = 4. Eleonsky and co-
workers [5] made an attempt at finding instantons
that do not possess a spherical symmetry;

two instantons with an action higher than that for the
third spherically symmetric instanton were found for
d = 2, while no nontrivial instantons were discovered
for d = 3. Ushveridze [6] found analytically a series of
asymmetric instantons for d = 4, which begins with?
8S,. A numerical agorithm for determining the “main
sequence” of instantons was proposed in [7]. The real-
ization of thisalgorithm shows? that lower -lying instan-
tons of this sequence split into elementary instantons.
Thus, the most probable candidate to the role of the sec-
ond instanton in the ¢* theory is a combination of two
elementary instantons; the present study is mainly
based on this assumption. However, since the existence
of a asymmetric instanton with an action smaller than
25, cannot beruled out, formal results corresponding to
this case are given in Section 8.

It will be shown below that result (4) isvalid when
the “equipartition law” isapplicable, i.e., when al fluc-
tuation modes can be clearly separated into the
zero and oscillatory modes (Section 2). For two-
instanton configurations, a soft mode corresponding to
achange in the distance between elementary instantons
and reducible to oscillations at a nonanalytic minimum
inevitably exists. As aresult, the right-hand side of for-
mula (4) acquires logarithmic corrections for d = 1, 2,
3 and even power corrections for d = 4.

Saddle-point cal culations for two-instanton configu-
rations were considered in [8-12] in connection with
the Lipatov asymptoticsfor problems with degenerate
vacuum (such as quantum chromodynamics). Inthis
case, the main difficulty lies in the emergence of
poorly defined integrals, which were interpreted
in [8-12] at alevel of heuristic recipes, and not suf-
ficient consistency of such interpretation was
admitted by the authors themselves. In the
calculation of theasymptoticformof Ay, thisproblem
acquires a new aspect and requires athorough analysis.
For this reason, we begin with the discussion of the
Bogomolny—Parisi dispersion relation [13, 14], which
is a source of poorly defined expressions (Sec.3). On
the basis of this relation, the general correspondence
between the corrections to the asymptotics and higher
instantons is established, in confirmation of
heuristical considerations of [2], (Sec.4). Thentherule
for combination of instantonsisderived (Sec. 5) and the
general computational algorithm in the presence of soft
modes is formulated (Sec. 6) and then applied to
the ¢4 theory (Sec.7). Theresultsfor an asymmetric
second instanton are presented in Section 8.

2 Thevalue 27/16S, indicated in [2] is erroneous.
SEP Podolyak, private communication.
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We will study functional integrals of the form
Zw(g)
= ID¢¢G1(X1) -y b (Xm)exp(=S{g, ¢} ),

viawhich M-point Green functions can be expressed,

(6)
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We have derived the following expression for the
asymptotic form of coefficients Ax corresponding to the
Green function Gy(g) ford = 1:

Gu(g) = ()
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here, Cg is the Euler constant and (X) is the logarith-

mic derivative of the gamma-function. For d = 2, to

within the logarithmic accuracy, we have

_ _2"*0.702)"
K~ 7197 T(n/2) ©
xr+ 222 1D(|n2)‘*<|n K
and, similarly, ford=3:
_ 2™2(0.704)"
A = —
2.12 T(n/2) 10

X+ n+a](|n2)_'<|n K.

For d = 4, the results depend on the coordinates appear-
ing in the Green function and are rather cumbersome
(see Section 7). The expressions are smplified as we
use the momentum representation and choose
momenta p; corresponding to asymmetric point (p; ~ p):

A = Bexpa)lnED
s (11)
x K + n+4+v%(|n2)_K,

where U is the point of charge normalization, v = (n +
8)/3, and the values of constant B are given in the table.
In the scalar case (n = 1), the main contribution to the
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Fig. 1. Comparison of asymptotic formula (12) (solid
curve) with coefficients Ax determined numerically in [15]

(circles)

asymptotics vanishes and we should expect the
behavior corresponding to the next order in 1/K:

A¢ = constexp%zlnED

P
XFB(+M

+v-1(In2)™
The results for the logarithm of the vacuum integral
Z4(g) can formally be obtained from expressions (8)—
(11) by substituting M = 0 and introducing an addi-
tional factor 1/2 into the right-hand sides of these
expressions. In particular, for the ground-state energy
of aharmonic oscillator (d =1, n= 1), we obtain

ra<+zm(|n2)

which can be compared with the results obtained by

(98b)

InNK +2.74

A = —37g

(12)

Values of parameter B in formula (11)

B x 10*
n
M=2 M=4
0 —-9.05 -8.72
1 0 0
2 3.25 1.45
3 455 1.50

Bender and Wu [15] (Fig. 1); in contrast to [2], this
comparison is carried out without using any fitting
parameters.

If the second ingtantonis an asymmetric localized
function (Sec.8), soft modes are absent and the stru-
cture of the result correspondsto the formula(4). For the
first instanton of the ¢* theory, zero modes include d
tranglational, n — 1 rotational (associated with a change
inthe direction of the vector field ¢) and (for d = 4) one
dilatational mode corresponding to a change in the
instanton radius.* For the second instanton, in view of
its low symmetry, d(d — 1)/2 additional modes associ-
ated with rotationsin the coordinate space appear; con-
sequently, we have

A¢ = C['”EBOD} F%(

The latter modes have not been considered before,
which makes the calculation of constant ¢ (Section 8)
nontrivial from the methodical point of view. The
method for integrating with respect to these modesis of
interest for quantum electrodynamics, where even the
first instanton is asymmetric [16].

d(d 1)5

(13)

2. STRUCTURE
OF THE SADDLE-POINT CONTRIBUTION:
EQUIPARTITION LAW

In the subsequent analysis, we will use the brief
notation for integral (6),

2@ = [Do6™...0"ep(-S(g ¢}). (14
and will normalize it to an analogousintegral

withM =0, g=0, including factor Z;'(0) in the symbol
D¢. Using the homogeneity properties of acti on,® which
aretypical of the ¢* theory,

2 (15)
g

ag@»%%fm¢»

and introducing the saddle-point configuration viathe
condition S{@} = O, in the vicinity of the saddle-

4 For atwo-instanton configuration, the number of zero modesis
doubled (r' = 2r); by virtue of Eq. (4), this makes the contribution
r/2 to the argument of the gamma-function, which is equa to
(n—-1+d)/2ford<4 (formulas (8)—(10)) and (n+ 4)/2ford=4
(formula (11)).

5 Analogous homogeneity properies of action are valid in other

field theories, and the subsequent analysisis also applicable to
these theories after slight modifications.



point, we have

Z(g) = g M’Zij‘”. o™

(16)
<ol 200, 510300 1)
0d=0 -0, d.=9.g?); inthe absence of zero modes,
thisleadsto
Z(g) = constg” exp% S{;pJD (17)

We are using the symbolic notation introduced in [2],
where prime and double prime denote the first and sec-
ond functional derivatives, which aretreated as avector
and a linear operator, respectively, while variables ¢;
included in the symbol D¢ are assumed to be compo-
nents of vector ¢.

Expansion coefficients Z, are defined by theintegral

- 99 Z(9
N 2T[igN+l

C

_J-2 gJ' ¢¢(1) q)(M)expD S{(ﬂ Nm%

(18)

where contour C enclosesthe point g = 0 in the positive
direction. According to Lipatov [1], for large values
of N, the integral can be evaluated by the saddle-
point method. Introducing the saddle-point configura-
tion viathe conditions

S{g} =0, g =29

N (19)

and carrying out the expansion in the vicinity of this
configuration, we abtain

7\ = N —N M/ZJ- rJDq"P(l)- (M)

(20)
<ep N 150, 5350

where g = g, + igdt; in the absence of zero modes, this
gives

Zy = constS{ ¢ _NF%\H%E

In fact, the functiona integral aways contains zero
modes; for correct integration with respect to these
modes, we introduce collective variables A; (such asthe
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center of an instanton, its orientation, etc.), which are

formally determined for an arbitrary configuration of ¢

and are its functionals, A; = f{¢}. The latter can be

treated as homogeniousin ¢ with zero degree of homo-
geneity [2]. Weintroduceinto integral (14) the partition
of unity,

= |_|_[d>\i5(?\i—fi{¢})

= |_|J'd?\i5(>\i—fi{¢c} —-(f'{¢4 .00)) (21
i=1

r

= |_|Id)\i6()\i_ fi{ed —Jo{ {03 39}),

wherer isthe number of zero modes. Using the degrees
of freedom corresponding to zero modes, we choose
the instanton from the condition A; = f{ @}, after which
@, becomesafunction of A (i.e., @. = ¢,). Simple calcu-
lations |ead to the following results (see[2] for details):

2(g) = ng—(M+r)/2eXpE S{;p(‘} %, (22)
. . [dSTq__ (2m™”
9~ \/det[S{e 1.0et[T{ g1,
r (23
[T dn .. g™,
z, = es{o3 v+ (24)
S JW
(2" | GelSTed]s
(25)

1 r D (M)
x—t M. ™,
=R | R

where f'{ @} is the operator whose matrix consists of
columns f;{@.}, while subscripts P and P' mark the pro-

jection onto the subspace of zero modes and the supple-
mentary subspace, respectivel y.6 Expression (24)
reproduces the functional form of the Lipatov asymp-
totics (2) given above.

In accordance with relation (24), each degree of
freedom corresponding to zero modes gives 1/2 in the
argument of the gamma function. Thisresemblesthe
classicalcal eguipartition law, and in fact (under the

6n formulas (32) and (48) of [2], the power —1 of det[f'{@.}]p and
det[f{Wc}]p isomitted.
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close consideration) isin exact correspondence with it.
As amatter of fact, the classical parti-

tion function Z is determined by a configurational inte-
gral of exp(—H/T); as the number r . of the oscillatory
degrees of freedom increases by unity, the substitution
Z — ZTY2 takes place, which makes an additional
contribution of 1/2 to heat capacity [17]. Integral (14)
we are interested in is determined by the exponential
exp(—=§ ¢} /g), where the coupling constant g plays the
role of temperature. Anincrease in the number r of zero
modes by unity corresponds to a decrease in r,g by
unity and leads to the substitution Z — ZgY? (see
relation (22)). In the calculation of the Lipatov asymp-
totics, factor g2 is estimated at the saddle point g, ~
1/N (see relation (19)), which leads to the substitution
Zy — ZyNY? and to the addition of 1/2 to the argument
of the gamma function.

The equipartition law can be violated in the pres-
ence of soft modes associated with approximate sym-
metries of the system. In this case, some degrees of
freedom in the first approximation appear as zero
modes; however, in a more accurate analysis, these
degrees of freedom correspond to motion in a potential
relief that may be irreducible to a quadratic minimum.
Examples of soft modes are dilatations in the massive
four-dimensional or (4 — €)-dimensional ¢* theory [18,
19] and the change in the distance between elementary
instantonsin atwo-instanton configuration (see below).

3. DISPERSION RELATION
AND ROTATION RULE

In view of the factorial growth of coefficients Zy,,
series (1) has zero radius of convergence. Thisisdueto
the fact that point g = 0 is a branching point; to single
out the regular branch of Z(g), we should makeacut in
the complex gplanefromOtoo aongtheray

g = |gsunS, (26)
where the Borel sum of series (1) is poorly defined.’
Using the Cauchy formula and writing it in the form of
adispersion relation, we obtain

LRI -
2(0) = 5 gz(gé 6 =55 [ Todd (@)
AZ(g) = Z(g+i0sgnS)) —Z(g—-i0sgnSy),  (28)

where contour C embraces the point g = g and then is
deformed so asto enclose the cut. Expanding func-

7 Inthe ¢* theory, action S is negative and the cut is made
aong the negative semiaxis.

tion (27) into a series in g, we obtain the following
expression for the expansion coefficients:

oosgnSo
Zn 2T[I I

The asymptotic form of Z for N — o and the discon-
tinuity at the cut for g —0 are connected through the
relation

82(9) .

N+1

(29)

0S50

AZ(g) = 2nic53]D exp - o0

(30)

~— Zy = ¢S (N +b),

which can easily be derived from formula (29) or by
calculating the discontinuity at the cut of the Borel sum
of series (1). The next step isto identify AZ(g) with the
result of the saddle-point evaluation of integral Z(g) in
the vicinity of the same configuration ¢, asin the Lipa-
tov method,

AZ(9) = [Z(9)] sddiepoint o,

Relations (30) and (31) were proposed by Bogomolny
[13] and Parisi [14] and form the basis of the approach
to calculating higher orders, which is aternative to the
Lipatov method. These relations enable usto easily find
the asymptotic form of Z if the result of the saddle-point
calculation of Z(g) is already known. Relation (31) can
be substantiated for a conventional integral using the
elegant analysis proposed by Langer [12, 20]; however,
thisrelation has never been proved in the general form,
besides, it is poorly defined and requires an appropriate
interpretation.

To substantiate relation (31), we must formulate the
rule of permutation of integrations with respect to g and
¢; we introduce this rule using as an example the con-
ventional integral:

(31)

Z(g) = jd¢exp(—¢2—g¢“). (32)
0

J'd¢ exp(-¢°-g¢*~Ning). (33

2m g

Diverging series (1) is obtained as a result of areg-
ular expansion of the exponent in relation (32) in g fol-
lowed by interchanging summation and integration;
asfor thedirect expansion of Z(g) into aseries, itisnot
quite correct since it corresponds to the Taylor expan-
sionat aclearly singular point. For this reason, it is
appropriate in expression (33) to integrate first with
respect to g (determining the coefficient of the expan-
sion of exp(—g$*)) and then with respect to ¢; the con-



tour C can be chosen circular so that it passes through
the saddle point g. = —L/N in the vertical direction

(Fig. 2a). Interchanging the sequence of integrations is not

quite trivial in view of the presence of the cut in Z(g)

along the ray (2). Let us restrict integration over the
domain of large ¢ values using a truncating multiplier to

shift the cut by a distance A from zero and deform the
contour as shown in Fig. 2b. If we expand the contour
and remove the truncation, the cut will be circumvented
in the negative direction; it can easily be seen that this
corresponds to formula (29).8

Depending on the sequence of integration, the sad-
dle point g, is passed by either in the vertical (see
Fig. 28) or in the horizontal direction (Fig. 2b). It is
well known that this point should be passed in the
steepest descend direction. Whether this direction
isvertica or horizontal ?

Inintegral (33), the saddle point takes place a ¢, =

J2N, g, = —1/N and the quadratic form appearing in
the expansion in the vicinity of thispoint (¢ = ¢, + 09,

g=0.+itg.~/2/N) can be written as

—(830)°—(t—i/250)" or '+ (30 +i2t)°. (34)

If we integrate first with respect to g, the shift in vari-
able t leads to the well-defined Gaussian integral

00 00

[do fdtexp[—(aqa)z—(t—iﬁéq»f]
- (35)

[ [

= [db Idtexp[—(5¢)2—t2]-

If we integrate first with respect to ¢, we obtain a
“bad” integral

00 00

[ot [doexp[(3+ i./2t)° + ]
- (36)

00 (=)

= J'dtId¢exp[(6¢)2+t2].

Let us turn the contours of integration with respect to t
and ¢ in Eq. (36) through the same anglein the opposite
directions (t — te'®, 8¢ — O$p€?); this does not
change the determinant of the quadratic form, which
definesthe Gaussian integral. For a = 1/2, integral (36)

8 At first glance, another line of reasoning is possible. Let us de-
form contour C so that it embraces the negative semiaxis, so thg
cut will appears within it; in this case we obtain circumvention
of the cut in the positive direction. It is suggested in this reasoning
that the cut "grows' from zero to infinity. This corresponds to the
Taylor expansion at the singular point and, hence, is incorrect.
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Fig. 2. (a) Contour of integration over g inexpression (33)
can be chosen in the form of a circle if we first integrate
with respect to g; (b) contour of integration over

g after changing the sequence of integrations; (c, d) con-
tours of integration over g and ¢ are rotated in the oppo-
site directions in the course of changing the sequence of
integrations.

istransformed into (35) and atransition from Fig. 2cto
Fig. 2d takes place: the vertical integration with respect
to g becomes horizontal, asisrequired by formula (29),
while the discontinuity at the cut AZ(g) is obtained
from theinitial integral Z(g) by rotating the contour rel-
ative to the saddle point ¢ through an angle V2 in the
positive direction.
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This “rotation rule” can easily be
extended to the general case. The main contribution to
integral (18) comes from the configuration of ¢, corre-
sponding to the maximum of the integrand. Conse-
guently, the quadratic form in the exponential in
Eq. (20) should lead to the sum of squares, whichis
possible for

—NdetS'{ @} >0. (37)
However, integral (16) for Z(g) in this case is poorly
defined: it contains a “bad" Gaussian integration,
which should be understood in the sense

}dxexz . }d(ix) e (39)

After that integral (16) definesthe discontinuity at the
cut AZ(g). “Bad” integration can be regarded as unique
without loss of generality, because it is possible to
reverse simultaneously the signs before the squares
of two variables. Thus, the square root of the determi-
nant in Eq. (23) should obviously be treated as

(det[S{ @3 1p) 2 —i|det[S{od 1%  (39)

after which the results (22) and (24) satisfy relation (30).

The rotation rule solves the problem of interpreta-
tion of the discontinuity AZ(g) at the cut in the frame-
work of the Gaussian approximation, while additional
analysisisrequired in the presence of soft modes (Sec-
tion 6).

4. RELATION BETWEEN CORRECTIONS
TO ASYMPTOTICS
AND HIGHER INSTANTONS

Separating the Lipatov asymptotics from coeffi-
cients Zy, we obtain, in accordance with expression (3),

2, = os'r [+ M DR

(40)
and coefficients Ax can be expressed in terms of func-
tion F(e):

de F(e)

AK = 2T[i€K+l'
C

(41)

Substituting expression (18) into (40), setting € = 1/N,
and carrying out the substitution g —» €S,9, we obtain

the exact expression for Ay:

A ﬁJ2n|EIZH|gI ¢¢(1) ¢(M) (M+r-1)2
(42)

xexp%—[ Ing—Séoq}} Klneg ,
By D<P= 0./egs,
which can be estimated by the saddle-point method for

large values of K. The saddle-point configuration is
defined by the conditions

S{yd _ _ Ing.
S

and expansion in the vicinity of this configuration gives
the exponential in the form

S{yd =0, g = 43

01 . Sy
epLg| (56, S{wdo0) - +KTL, @4

whereg—gc=igtande —e.=ie.T. For Y, we cannot
use the configurations P, = 0 and Y, = @. sinceg, =0 or
€. = 0 in this case; this corresponds to a singularity
rather than asaddl e point. The saddle point corresponds
to the maximum of the integrand under the condition

;K—detS'{ w} >0, (45)
Cc

and we should take the first of the higher instantons for

which detS"{y > 0 for Q.. This condition is usually
satisfied already for the second instanton, and this will

be presumed in the subsequent analysis. Evaluation
of integral (42) givesformula (4), in which

(Insllso)(r r)/ZSl(M +r')/2
c(2n)2”’2det[f {Wd1e

detS'{ O} @ M)
" e[S Tea T md““ U

and S, = Y.} (see[2] for details).

The dispersion relation (see Section 3) enables usto
establish the correspondence between the corrections
to the asymptotics and higher instantons in the general
form without resorting to specific features of the ¢# the-
ory. Let coefficients A, increase for large values of K
according to the factorial law

(46)

A = CA"T (K +b) (47)

with a > 0; in this case, the Borel sum of the seriesin
Eq. (3) is poorly defined for N > 0 and the coefficient



function Zy has a cut with a discontinuity at it defined
by rule (30):

AZ, = ¢S F(N+b)><2mcag expL ’\E.

(48)
On the other hand, this discontinuity can be defined in
analogy with (31) as the contribution of the saddle-
point configuration . to the Lipatov integral (18).
Assuming that the functional form of this contribution
isanalogousto (2),

ic,S;"I'(N+b,),

and identifying expression (48) with (49), we obtain

AZ, = (49)

a= an% . b=Db,—b,
~_ C S 0
= ﬁangp .

As aresult, the determination of the parameters of the
asymptotic form of A, can be reduced to the well-known
procedure:; it is sufficient to evaluate the saddle-point
contributions (2) and (49) to the Lipatov integra (18)
from two configurations, @, and .. Result (46) readily
follows from (50) if we take into account the fact that
expression (49) can be derived from (25) viathe substi-
tution @, — Y., r — r', and (—det[S{P}]p) 2 is
treated as i|det[S{P}]p[¥? in accordance with the
rotation rule.

Formulas (50) solvethe problem of evaluation of the
asymptotic form of A, under the condition of applica-
bility of the equipartition law; for this purpose, all fluc-
tuational modes in the vicinity of classical configurati-
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accordance with Section 2, the contribution to Z,(g)
from the saddle-point configuration ¢, has the structure

200 = o e[ F I [ N 0", ()
i=1

where ¢, = c{ @ and § = H @} are functionals of @..
The contribution from the two-instanton configuration
is defined by an analogous expression, in which @, is
replaced by @, + @,. If weintroduce the instanton inter-
action S, by the relation

So+ot = St +S o} +S{o. ¢}

and take into account the doubling of the number of
collective variables, we obtain the sum of terms of the
form

(52)

(L)

Z. = clg_'v”z_'exp%—%‘[rl d\ N @ g
=1 (53)
(1)

x @l

oPexp E‘Sm{ O QO

g U

whereL +L'=M. For small values of g, the exponential
restricts the interaction between instantons by the condi-

tion S, {®., ¢} = g; consequently, we can disregard this

interactionin the preexponential factor. It can naturally be

expected that ¢; must be equal to cé for expression (53)
at S, = 0to be just the product of the right-hand sides
of Egs. (1) withM =L and M =L'. Small values of S,
correspond to remote instantons,’° which enables usto
disregard cross terms containing simultaneously ¢, and
@, . Inthiscase, thesum over L, L' will contain only two
teemswithL = M, L'=0and L = 0, L'= M, which are

ons @ and Y should be distinctly separableinto zero and obviously identical. The emerging factor 2 is cancelled

oscillatory modes. In thiscase, b; —b = (r' —r)/2 irre-
spective of the specific features of the ¢ theory: acon-
tribution of the M/2 type in the argument of the gamma-
function, which stemsfrom the preexponential factor in
formula (14), may have different values in other field
theories, but it is the same for the first and second
instantons. In the presence of soft modes, the situation
is more complicated and will be considered in the fol-
lowing sections.

5. INSTANTON COMBINATION RULE

Let usfind out how to construct the contribution from
atwo-instanton configuration, knowing the contribution
from one instanton to the functional integral (14). In

9 Relations of type (50) are valid in this case aswell (with allowance
for possible change in the functional form of expressions (47) and
(49)); however, these relations are practically useless since the
arising integrals are poorly defined.

out with the combinatorial multiplier 1/2!, which
should be introduced in view of the fact that configura-
tions differing in the permutation of instantons are
taken into account twice. As aresult, the two-instanton
contribution assumes the form

Mzt 02
Z(g) = chg " expF sdﬂ
Sn{ A A} 4
oD O =Dl A A ST
”_l dAdA @y ... expD 5 ——

where the fact that S, { @\, ¢,} for afixed formed of
instantons depends only on A and A' is taken into
account. For M = 0, configurations with L = M, L'=0
and L =0, L'=M coincide and the result is defined by
formula (54) with an additional factor /2 on the right-

10g5ee modifications for d=4in Sec.7.
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hand side; this remark appliesto all subsequent expres-
sions as well.

Formula (54) enables us to write the expression for

the two-instanton contribution on the base of the known
result (51) for the one-instanton contribution; we only re-
quire additional information about the interaction of ins-

tantons at large distances. The rule for combination of
instantons appears as quite natural, but some subtle as-

pects missing in heuristic derivation should be discussed.

Introducing of a constraint. In fact the replace-
ment of @. by @, + @, isnot quite correct sincethe linear
combination of instantons is not the exact solution of
the equation S{ @} = 0. For this reason, the expansion
in the vicinity of this configuration acquires the terms
whi C1h1 are linear in 0@ and require accurate elimina-
tion.

Let us introduce the collective variable z character-
izing the distance R between the instantons and for-
mally defined for an arbitrary instanton configuration,
z=f{¢}. Theidealiesin finding the extremum of action
under an additional condition (constraint) f{ ¢} = const
(i.e., for a fixed distance between instantons) and in
subsequent integrating with respect to this distance. In
this case, the instanton is defined by the equation

S{ed + f{ed =0

(u is the Lagrange multiplier) and the integration with
respect to zis carried out by introducing the partition
of unity,

(55)

1= Idzé(z—f{(p})
= J‘dzé(z—f{(p& —(f'{od 99)).

into the functional integral. Choosing the instanton
from the condition z = f{ ¢}, we abtain

(56)

29 = [Dop™...o™

y EXpE S(od +(S{ed ,6<|;) + (09 S <pc}6<p)§(57)

><'|'0|Z5(—( f{ed 00))

and the terms linear in d@in the exponentia are elimi-
nated by the &-function in view of condition (55). For
f{ @}, it is convenient to take the quantity S.{ @\, @}
since Eqg. (55) has a combination of instantons @, + @,
as the exact solution for p = 1 (cf. formula (52)).

We can disregard the instanton interaction in the
preexponential factor; in this case, zero modes are tre-

1T he instanton interaction depends to a considerable extent on the
specific choice of the two-instanton configuration; with an inap-
propriate choice, the results can easily be erroneous (cf. [8-12]).

ated in the same manner as if they were independent.
The only subtle point isthat, instead of zero modes

O,
0%,

Oy

and 0x,’

(58)

corresponding to trandations of instantons along the
straight line passing through their centers (which is cho-
iced as thex, axis), we should take their linear combina-
tions

0, , 9
0x, 0%

0, 0@,
0X; 0%y’ (59)
corresponding to translation of a pair as awhole and to
a change in the spacing between the pair components.
In this case, the &-function corresponding to the second
modein (59) is not introduced into product (21) sinceits
roleis played by thosein (56). This modification is of
no importance since det[f {f.} ] in expressions (23) and
(25) is in fact determined by the Gram matrix con-
structed on zero modes (Section 8) and is independent
of the choice of functionas f{¢}. Consequently, the
final result (44) correspond to the formal substitution
QG — Ot Py

Factorization of deter minants. Whilederiving for-
mula (54), we assumed that ¢, = ¢, or

ol @t t @} = co{l @} cof B} - (60)
To clarify thisrelation, we note that operator S'{@.} in
the scalar case hasthe form of the Schrédinger operator
(Section 8)

S{ed =4 +m =3¢(x), (61)
and, instead of a single potential well, two potential
wells separated by alarge distance appear upon the sub-
dtitution @, — @, + @,.. Consequently, the eigenvalues
of operator S'{ @, + ¢} are doubly degenerate eigen-
values of operator S'{¢.} and

detS{ @, + @} = [detS{p3 ]’

under the condition that the product of eigenvalues con-

(62)

verges. Such convergence does not take place for operator

S"{ @} and the normalization of integral (14) to quantity
Z,(0) isessential. Asaresult of thisnormalization, the
combination

detS'{oqd _

S{od
ds(g

s{a "
appears, where operator S'{@.}/S'{0} has a discrete
spectrum [21] and the convergence of the products of

eigenvalues is ensured by a simple renormalization
(see[4] for details). The multipliers singled out from

(63)



relation (63) as a result of renormalization and during
the elimination of zero modes as a result of the substi-
tution . — @, + @, are squared in view of the equiv-
alence of two instantons. Factorization of det[f'{@, +
O} ]p Similar to (62) is due to the fact that zero modes
are considered in the approximation of noninteracting
instantons.

It should be noted that factorization (60) is not valid
for the combination of topol ogical instantons connecting
degenerate but nonequivalent vacuums [8, 12]. In this
case, the effective potentiad appearing in the
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term corresponds to expression (54) with S, =0,

which gives —1 in formula (64). Similarly, after taking
logarithm of the vacuum integral,

InzP(g) = In[1+Z§(g) + Z5(g) + ...]

67
= z{%(g) + z¥(g) - [Zé”(g>]2 + ©7

the last term leads to the subtraction of the contribution
from noninteracting instantons in the expression for

Schrodinger operator of type (61) does not have a form z{?(g) ; in this case, the presence of the additional fac-
of two isolated potential wells: a potential barrier emer- o 1/2 js significant in expressions with M = 0.

ging between the wells makes the interaction between
the instanton being of along-range type.

Subtraction of the ideal gas contribution.
As we transfer to the Green function, result (54)
assumes the form

G(z)(g) _ Cz —M/2—- reXpD—édj

0 gU

(64)

o epdSNg_ ;)

.”_| dn dagY..

i.e, the contribution of noninteracting instantons is
subtracted in the same way as in the case of the viria
expansion [17]. Indeed, we can write the Green func-
tion in the form

Zy(9)
G = =7
_ ZW(9) +ZW(Q) + ZW(Q) + ...
1+250(g) + Z5)(@) + ...
wherethe superscripts“0,” “1,” “2,” ... mark the contri-
butions from saddle-point configurations'® ¢ = 0, ¢ =

@, 0= @, *+ @, ... and having the order 1, exp(-S/Q),
exp(—2S/9), ... . For convenience, the normalization of
functional integralsin this expression is carried out not
to Z,(0), but to Z{(g) , which isimmaterial in the main
order in g. The contribution to G,(g) of the order
exp(—2S/g) hasthe form

ZW(9) - 2925 (@) - Z(9) Z5(g),

where the last term is small for M > 0 due to additio-
na factor gM?2. It can easily be seen that the second

(66)

251ch an “expansion in instantons” in the case of an ordinary inte-
gral is obtained by deforming the integration contour in such a
way that it can be presented as the sum of integrals over contours
Coy Cq, Cy, ..., where each contour C; passes through the saddle
point z in the steepest descent direction and its ends go to
infinity.

6. HIGH-ORDER CORRECTIONS
TO ASYMPTOTICS IN THE PRESENCE
OF SOFT MODES

Let usanalyze expression (64) in the case of apower
interaction between instantons separated by large dis-
tances:

Aaag = aAA)
S A AY o

(68)

Introducing into expression (64) the partition of unity,

1= _[dza% Sm{7\ ?\'}D

(69)
Su{A AT
Idzé% T
and considering that integration with respect to collec-
tive variablesincludestheintegral J’ R'"'dR, weobtain

J’Hé)\é)\ o (M)é% S‘m{}‘ A}D (70)

0~ Z1+v

wherev = d/a. Asaresult, expression (64) takes the
functional form

(M +2r)/2

% = 8FH  eed R
where

F(x) = ATI(X) + AT17(x), (72)

Z (e™—1). (73)

1+v

1*(x) = I
0
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@) ©) (b)

C
o A
Co _ G ] ¢
R
o
¢ A

Fig. 3. (@) Integration contour Cy in integral 1*(x) is bent upwards or downwards upon a displacement of g to the complex plane;
(b) integration contour C defines the discontinuity at the cut of integral 1 *(x); to evaluate theintegral, the contour is deformed to Cy;

(c) in the calculation of the asymptotic form of A, half-sum of theintegrals over C' and C" appears. [direction of the latter is shown wrongly]

We will henceforth assume that v = 0 since negative
values of v correspond to nonphysical increase of the
interaction with th e distance. For v = 1, sub-
traction of unity does not ensure the convergence of the
integral in formula(73). Such values of v correspond to
a dowly decreasing interaction, for which the virial
expansion is not applicable. The interaction for large
values of R should be modified in the spirit of Debye
screening, which leads to truncation of the integral for
small values of z. The type of truncation is immaterial
since integral |=x) can be evaluated by differentiating
with respect to parameter x; for F(x), we formally get

F(X) = T()[AX + A (=) +o(x"M],  (74)
where[...] istheintegral part of the number. Thevalues
of g near the cut(wherex=2Sy/g>0) are essentia and
expression (74) isill-defined in view of integral 1*(x)
being poorly defined . The interpretation of this expres-
sion depends on the formulation of the problem; two
versions of such interpretation will be considered
below.

Contribution to the Lipatov asymptotics. Analy-
sis of the contribution from a two-instanton configura-
tion to the asymptotic form of coefficients Z isimpor-
tant for problems with degenerate vacuum, in which a
solitary instanton istopological and the Lipatov asymp-
totics is determined by the instanton—antiinstanton pair
[8-12]. Inview of formula(71), the discontinuity at the
cut of function G(g) is defined by the formula

_ E?SQ](M +2r)/2 0 ZSD
AG(g) = tBD—g—D eXpD_ED

x[F%E;—O-i(%-F%E;%icH}

where we represent G(g) as an “expansion” in instan-
tons G(O(g) + GD(g) + G(g) + ... (see Section 4) and

(75)

assume that G(O(g) and G™(g) make zero contributions
to the discontinuity at the cut. Theindefinitesigninfor-
mula(75) isdueto the fact that the expansion in instan-
tons requires a preliminary deformation of the integra-
tion contour so that it passes through al saddle points
(see footnote 12): in the general case, such a deforma-
tion is ambiguous and leads to the indefinite sign of
G@(g) in view of the possibility to pass through a sad-
dle point in two opposite directions. It can easily be
seen that the well-defined integral |=(X) makes zero
contribution to discontinuity (75), while in expression
for 1*(x), we can omit the term with —1. As g is shifted
to the lower or upper half-plane, the contour of integra-
tion with respect to z in integral 1*(x) should be bent
upwards or downwards (Fig. 3a). The discontinuity at
the cut is determined by the difference in the integrals
over contours C* and C~ and can be reduced to the ver-
tical contour C (Fig. 3b).

To fix the sign in expression (75), we should establish
its relation with the rotation rule (see Section 3). We
replace R in Eq. (68) by R + eR?; then the exponent
in integral 1*(x) acquires x(z + €/z) and a saddle point

z.= /e appears, through which contour C should be
drawn. The integration should be carried out in the
upward direction so that contour C is obtained from the
initial contour C, by rotation through 172 in the positive
direction around point z.. For e — 0, the saddle point
disappears, but the direction of contour C is preserved
and correspondsto the negative sign in expression (75).
Evaluating integral 1*(x) using the deformation of con-
tour C to position C;, we obtain

2T v
FL+v)"’ (76)

1'(x) —»

which gives the following expression for the disconti-



nuity at the cut of function G(g):

BA |:2S1:|M/2+r+v DZSD
MET vy &pg—4o (1)

AG(g) =

The Lipatov Asymptotics for Gy is obtained in accor-
dance with the correspondence rule (30),

BA"

r(1+V)(2s,o)‘”r(r\| +M/2+1 +V),

Gy =

(78)

and is well defined for all values of v > —1. Expres-
sion (76) correspondsto the algorithm correctly formu-
lated by Bogomolny and Fateyev [9], although the line
of their reasoning leads to the result with the opposite
sign.t?

Asymptotic form of coefficients A,. In analogy
with expression (42), we have the following exact
expression for coefficients Ax corresponding to quan-

tity G(g):

dg M+r-D2
A ﬁJ 27 e_[ 2mig* @

x exleDi
e

. (79
Klineq.
F-King

Substituting quantity G(g) from Eq. (71) for G(g) and
evaluating the integrals with respect to g and € in the
saddle-point approximation, we obtain

B
“c(2m?(In2)™”

g «=0K O
xFB<+2D(In2) FH

(80)

Vertical contours of integration with respect to g and
e correspond to “poor” Gaussian integrals (cf. for-
mula (44)) and must be rotated simultaneously to the
horizontal position in accordance with Section 3. The
sign in formula (80) turns out to be indeterminate for
the same reason asin the above case. Tofix thesign, we
replace R by R® + eR* and consider the saddle-point
configuration in the range of parameters, where S, > 0,

which corresponds to integral |1=(x). For this region,
detS'{yt > 0andthe signin formula (80) should corre-
spond to the arithmetic root of the determinant, which
leads to the condition £B > 0. Formula (80) is valid if
function F(x) is well defined on the real axis. Other-
wise, F(x) should be treated as the half-sum of F(x +i0)
and F(x — i0) since half the saddle-point contribution

13The incorrect sign also appeared in the work by Balitsky [22]
who calculated the Lipatov asymptotics in QCD and was cor-
rected in the review by Zakharov [23] proceeding from physical
considerations.
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stems from region Img > 0, while the other half, from
region Img < 0. Thus, we can write

_ Bl rik + 0
“ 7 c2m?(In2)™ E*“ZD

(81)
><(In2)_KReF +|d§
and the substitution of Eq. (74) gives
_ |BIF(~v)(A™ + A" cosmtv)
- r V2
c(2m) (In2) 82)

X ra< +£+\%(In2)"<.

The poorly defined integral 1*(X) is treated as the half-
sum of integrals over contours C' an C" (see Fig. 3c),

1) — %[I+(x+ i0) + 1" (x—=i0)] &

= I (—v)x’ cosmv

(cf. formula (76)). If the saddle point is created artifi-
cialy by replacing R by R® + eR®, contours C' and C"
correspond to the steepest decent as before and the
saddle point z. makes zero contribution to A« in accor-
dance with the fact that detS"'{y} < O for this point
(Section 4). It can be seen that for a power law of
instanton interaction (68), the argument of the gamma-
function acquires an additional contribution v = d/a as
compared to formula (4). This contribution is in fact
important only for d = 4. For d < 4, the interaction of
instantons is exponential, which correspondsto o = e
and v = 0: the argument of the gamma-function
corresponds to Eq. (4), but additional logarithmic factors
appear (Section 7).

Interpretation of integral | *(X) completes the formu-
lation of the general computational algorithm. Proceed-
ing from the known expression (51) for the one-instan-
ton contribution, we construct the contribution from
two-instanton configuration (64), in which we should
calculate the interaction of instantons S;(A,A")in
the region where this interaction is weak. Introducing
the slowly varying function F(x) in accordance with
formula (71), we can straightaway write the result (81).

7. COEFFICIENTS A¢ IN THE ¢* THEORY
7.1. Interaction of Instantons

Acti on (5) isreduced to the form (15) using the sub-
stitution™® ¢, (x) = (—g)Y2p,(x). An instanton is pre-

14The additional minus as compared to relation (15) ensures the
real-valuedness of . In this case, the substitutions g‘b —

(—g)‘b and SEN — (—S))‘N take placein Egs. (22) and (24).
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sented in the form @,(X) = u,@.(X), where u, are the
components of the unit vector u and @(x) isthe solution
to the equation

~Ap+me—@ = 0. (84)

Using the general form of the two-instanton configura-
tion,

Wa(X) = Ug@(X) + U @(X + R) S U@+ Uy @r,  (85)

and definition (52) for the interaction of instantons, we hav

Se{uu,R = jd“x
(86)

2,2 2

X E(UU)(P Qrt (UU) @ @rt ZCP (PFD'

where we have used definition (52) and eliminated gra-
dients with the help of Eq. (84). For d < 4, we can
assume that m = 1, since the substitution X — x/m,
@ — @m eliminates the mass from Eq. (84), after
which it disappearsin all dimensionless quantities. For
large values of ||, the spherically symmetric solution to
Eq. (84) hasthe form

X) = const|x ™K, (|X
0(X) IX K, (IX) (87)
= const|x|* 2™,

where g = (d - 2)/2 and K(X) is the Macdona d func-
tion. The substitution of relation (87) into Eq. (86)

shows that the main contribution is determined by the
first term,

SufU, U, R = (u L)@ (R+X) jqﬁ(x)ddx
= const(u U )R~ "% R,

(88)

where X ~ 1. For d = 1, the constant can be evaluated
using the explicit form of instanton @.(x) = ./2/coshx,

S {uu, R = 16(uu)e™. (89)

In the four-dimensional case, the massless theory is of
principal importance, in which Eq. (84) has a solution

2I2p

X+p

@(x) = (90)

with an arbitrary instanton radius p. In the linear com-
bination (85), we must permit various radii p and p,

for functions ¢ and @;. Disregarding quantity \bar x in
relation (88), we obtain

Suu, U, p,py, R = B2r(u ) PO ()
+p1
where we assume that

since precisely these configurations are of interest for
the subsequent analysi js.1°

7.2. Resultsfor d < 4.

Proceeding from the well-known Lipatov asymptot-
ics (formula(79) in[18]) and using the correspondence
rule (30), for the one-instanton contribution, we obtain

ZY(0 Xy, oees Oy Xy)
= ico(—0) ™" exp(-Sy/0)
* [d%00:0 = Xo) - @:L = o)
><J'd”u6(|u| —1U,,...u

(93)

Op?

where

L4

=4, 1=n-1+d, :Id"xcpf(x), (98b)

1 IjG_ |4:|d/2

-1/2
y Ign—l)/2|: D (l)Dn 1[;]4]}

Co =
(94)

and @(x) is the solution to Eq. (84) with m= 1; Dg(1)

and Dr(1/3) arethe renormalized determinants whose
values will be given below. In accordance with the
instanton combination rule, we write the expression for
the two-instanton contribution

~(M +2r)/2

G(Z)(Ollxl’ e OyXy) = —CS(—Q)

x exp} SdjH(g) [ %600 =) @0~ %) (980)

XId ud(ul = 1)ug,...u

Oy

15The possibility of disregarding the cross terms in Eq. (53) in
this case is related not with the large distance between the
instantons, but with different degrees of localization for @,

and @



H(g) = J'dnu'5(lul -1
(95)

Sni(U, U', Xg— Xo)} _ 1%

d .U
e

Thelast integral (R= x5 —X,),

0 AR 92 FD

J’d REExp 0

O d
-10= nid, (96

0 KL ‘Q‘D 0
isindependent of A to alogarithmic accuracy (o4 isthe
area of a unit sphere in the d-dimensional space); for
thisreason, the dependence on u' isabsent and H(g) can
be obtained from relation (96) simply by multiplying it
by o,. Following the algorithm described in Section 6,
we abtain the following result for A:

2—M/2 0.0
Ac = ~Co5—(14In2) /2 _n—d
- (97)
H K. .d
xTHK + 5(In2) K.
Using the numerical values [21]
lg = 71.080, |, = 23.402,
_ _ (98a)
—Dgr(1) = 1353, D(1/3) = 1.465
ford=2and
l¢ = 659.87, 1, = 75.589,
(98b)

—Dr(1) = 10544, D(1/3) = 1.4571

for d = 3, we obtain formulas (9) and (10) given in the
Introduction. For d = 1, the result can be obtained not
with a logarithmic, but with a power accuracy in /K.
Integral (96) for u - u'/g > 0 hastheform

O 16(uEU)eF‘D
9 D

[l 0
o, J’ dR[exp -10
(99)

_ 16(ul) , ~O
-2an——5— +C
and integration with respect to u' gives

ReH(g+i0)
w(n/2n (100)

_ 16 W2 -
- —chang + CE + fﬂ

Passing to the expression for A and using the values of
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parameters [4]

. 1 (101)
P =5 Pripit 3

we abtain result (8).

7.3. Four-Dimensional Case

In the four-dimensional case, the expression for the
one-instanton contribution differs from (93) in view of
the presence of an extra zero mode associated with the
possibility of variation of instanton radiusp. Thisexpres-
sion can be derived from formula (113) from [19] by
using the correspondence rule (30):

Zi (01X, - OXy) = ico(=g) M P exp(-Sy/g)
4,  dp
|
XId xoj s exp(vinpp) (102)
— X
x(pcg(lp dJ (ch(M D_de6(|u| DUq, ... Uq,,

where @,(X) is the instanton solution (90) withp =1, 4
is the momentum of charge normalizati on,16

-2
Cy = 1 [lq:| Juzl(n 1)/2[ B (1)Dn 1[4'15}

(2T[)r/2D4D
3 1
X exp[——r +V E Eln3+ CE—%‘%} (103)
r=n+4, v =(n+8)/3,

J= J’d“x3<p§<x)[a<pc(x)/ap],i:1

and expressions for §, and |, are the same as in (94).
The two-instanton contribution has the form

0250

awx) = —Co(-9) e

2
G (01X, ..,

) d
X [duB(1u ~ 1), U, pM‘isexp(vlnup)

x| A% .. 0

> - (104)

p

Id ud(|uf — 1)I—exp(vlnupl)

16For a transition from the bare | to a renormalized charge in the
formulas from [19], we must carry out the substitution InAp —
In2+ Cg + /3 — Inpp — (1/2)In3 + Cz — 1/6.
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SuU, U, p, P, XE)—XO)} B 1%
9 O

XId"XE)EeXD[
O
Using the relation®’

PP

R +p

J’ exp(vlnupl)fd Ré%—
(105)
_ _TCexp(vinpp)

(v-1)(v-2)z""

we can transform the integral with respect to p; and x;
in expression (104) to the form

Cexp(vInpp)
(v=1)(v-2)
(106)

" dz 32T[2(u )
[ ey B

and obtain an integral of the type (73). Following the
algorithm described in Section 6, for the asymptotic
form of A« we abtain

rOO- i+ v
0 02 O

n
M +v
Jmr > (107)

2" meartK’

AK = CO(I4In2)r/24DI4In2D

9 M(—v)(1+ cosvm)
-2 2

+ %(an)‘K,

where the quantity

Q= J'
x Iddxo(PcB(l > L o =

d
Mesexp(Z\) Inup)

(108)

X

* [0 > g 5 X‘H}

substantialy depends on the external coordinates X;,
., Xu- The expression for this quantity can be dightly

1"\ deriving formula (105), it is found that the main contribution
to theintegral appears from region p; ~ R. In the subsequent anal-
ysis, the values of p; and Rare largein view of the large value of

parameter 1/g, while the value of p turns out to be on the order of
the reciprocal external momentum. This justifies condition (92).

simplified by passing to the momentum space and by

choosing the values of external momentap; on the order

of p, estimating their values at a symmetric point (p; -
= p2(45ij -1)/3),

chyyZM -5+2v K;A(y)

Q=1
Jay™ K )
0

e

(109)

where K,(y) is the Macdonald function. Substituting
numerical values

_ 32 _ 128 -3
4—31'[2, lg = =10, J £ o

Dr(1) = -578, Dg(1/3) = 0.872
leads to

2—M/2
20.2
v

[
a2 0O

r W(In2)™
%QHH +v5(In2)”

nl (=v)(1 + costv)

A = (n+2)(n+5)

0.842

(111)

rE“Jr

O

and to the numerical results given in the Introduction.

8. ASYMMETRIC INSTANTON

In this section, we consider the situation when the
second instanton is well localized in space, but
does not possess any special symmetry. In view of the
absence of soft modes, we can use the algorithm devel-
oped in Section 4, according to which it is sufficient to
calculate the contribution of an asymmetric instanton to
the Lipatov integral (18). Following the line of reason-
ing in Section 7, we assume that

0o = (-9) .9, (112)

@u(X) = U @c(X),
and divide fluctuationsinto longitudinal and transverse:
504(x) = 8O (X)Uq + 3a(x),

: (113)
S 30309uq = 0



In analogy with relation (20), we then obtain

Zy = € (-9 "g; j rJD¢

x ID¢Zua1...uaMcpc(x1>...wc(xM) (114)

eXIOD————(5¢ ML50") — 3 Z (50, |V|T5¢u)D,

where

i, = p*+ - 3¢2(0),
e s
Mr = p"+m —gi(x).

The integrals with respect to longitudinal and trans-
verse fluctuations are factorized so that zero modes for
operators M. and My can be singled out indepen-
dently. Carrying out the orthogonal transformation of
variables 3¢, which diagonalizes M. and M+, we per-
form the division in accordance with the scheme

8¢ = 3¢'+39, D¢ = D(3¢")D(3)  (116)
for 3¢ and 3¢, , where tildes and primes mark the

subspace of zero modes and the space orthogonal to it,
respectively. Performing Gaussian integration over
nonzero modes, we obtain

=Sy ™M M + 1]
Zy = (2T[)l+r/2 S{(p‘} ra\l-'- 2 [

REP_fD
D, (D

[P a0k )

xJ‘D(th)uul...uaM,

where D, = detS'{0}, D| = det[M_]p, and D} =
det[ M+ ]p.
It iswell known that the existence of zero modesis

associated with the symmetry of action, ¢} = Lo},
relative to a certain continuous group of transforma-

tions defined by operator L; if ¢, is an instanton (i.e.,
the solution to the equation S(@,) = 0), L ¢, isaso an
instanton (S((L ¢,) = 0). Using the infinitesimal form of
operator L closeto the unit operator, L, =1+€T, we

can easily see that T ¢, is a zero mode of operator
S"{ @}, which is obviously connected with the genera-
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tor of group T . In the given case, the following groups
of transformations are significant:

(a) rotations in the vector space,

LT 00 = gap@e(9), (118)

where g,z are the elements of an orthogonal matrix;
(b) trand ations

LX) @) = @(x+ Xo);

(c) dilatation for d = 4, associated with the scale
invariance of the massless four-dimensional theory,

(119)

L'(Inp)e(x) = pe(PX); (120)
(d) rotationsin the coordinate space,
L'{630 (¥ = @(dx), (121)

where § = §{ 64 isthe orthogonal matrix defined by
the rotational angles ..

Transformation (118) is reduced to the rotation of
the unit vector u in (112) and generates the zero mode

hr(x) = @(x) (122)

of operator Mt ; in expression (114), this mode is (n —
1)-fold degenerate. The separation of this mode is per-
formed in the conventional way [24] and correspondsto
the following substitution in formula (117):

ID(E’)Zpr)ual...uaM

(N=1)12 ¢ n (123)
— 15 J'd ud(lul = 1)uq, ... Ug

YR

where integrals |, are defined in (94). Infinitesmal
forms of operators L', L%, and L' can be written as

a ~
L'(8x,) = 1+ Zéx"‘ T 1+ Zaxoyiﬂ,
L(s)—l+s[IL+Zx—D 1+¢T°,
' (124)

L'(38) = 1+ Zéesﬂ,

ar_ar o _ 0 0
Ts—T(”) - Xla_)(J XJaXi,

where each operator s correspondsto rotation in
oneof the d(d —1)/2 planes (x;, X) and subscript slabels
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these planes. Accordingly, the following zero modes
belonging to operator M| exist:

rin = 222
00 = @00 + ZX <PC(X) (125)
r r 9 € g -
hy(X) = hip(x) = X (géjx)_ ) (gi.x :

The existence of rotational modes hy(x) is a specific

feature of a spherically asymmetric instanton; these
modes have not been considered earlier. The nontrivial
moments are connected with non-Abelian nature of
the group of transformations and with nonorthogonality
of the basis constructed from vectors (125).

The complete group of transformations is deter-
mined by the operator

[{0, Inp, xg = L'{03 L°{Inp} L'{xg, (126)
so that
Lf() = pf(GP(X+ Xo)). (127)
The infinitesimal form of this operator,
Low) = 1+ zauj-i (128)

includesas T; al generators Ti, 7°, and T+ introduced
by relations (124), while; labelsthe variablesx, ;, Inp,
and 6..

Following the algorithm used in Section 2, weintro-
duce the expansion of unity into the integrand in
expression (114) (r, is the number of zero modes of

operator M),
- Id)\ 50h %
- (|4)'L_|j Idxies@\i Iddx4(pg(x)5(p(x) (129)
—J';jdX4<P§(X)5<p(x) 198

where we specified to a certain extent the form of func-
tionals f,(¢p) in expression (21) by introducing the coor-

dinate functions f(x),1® carried out the expansion in
thevicinity of the saddle-point configuration, and chose
the instanton from the condition

d_ 4 0)
\ = |d X@(x) f (X).

J’ddxcp4(x) (130)

Tomakeclear the arbitrarinessin the choice of the instanton,

werepresent @.(x) astheresult of action of operator [
on acertain fixed function @(X),

-1

mm—L%w——%%;—&] (131)
In this case, we obtain

[d x@i(x)p*L{ 8, Inp, xg F(x)
Id xcpc(x)
=F{ 0, Inp, xg .

(132)

L et usexpand d@(x) in orthonormal eigenfunctions g (x)
of operator M :

oq(x) = ZLCjej(x)+ (133)
j=1

= BN+,
ji=1

here, we have singled out the terms corresponding to
the subspace of zero modes and reexpanded these

terms in functions (125). Integration of D(6ZpL) in
expression (117) isin fact the integration with respect
to coefficients C;:

e

J’D(6(p_)aﬂ_| dc, —I(detr)”n dB;, (134)

where I is the Gram matrix plotted on vectors (125).
Substituting expression (133) into (129) and taking in-
to account that

J'ddx4cp§(x)h ) =0 (135)

18|n fact, the results are |ndependent of this choice, which is mani-

fested in the fact that functions f()(x) do not appear in the final
formula (141).



for al zero modes h;(x), we obtain

1= (|4)“|f| Jon

(136)
0 . O
x 335 B J’d"x4<p§(x) fO)h(x) + .0
04 O
Now, we can easily prove that
Id“x4<p§(x) h() £ V(%)
(137)

= —j(d"x)cp‘:(x)f,- fO(x)

for tranglations and rotations, while an analogous for-

mulawith T; — T; —1isvalid for dilatation. We per-
form the variation of variables6, — 6.+ 86,, Inp —»
Inp + ¢, and X, —= Xy + 0%, in EQs. (132) and take into
account the group relation

L{B8,+ 36, Inp +&, X, + 5xg

. . (138)
= L{d6, €', dxg L{6, Inp, X3 ,

where the primed and nonprimed increments do not
coincide (in view of the non-Abelian nature of the
group), but are connected via alinear transformation.

It can easily be proved that €' = €, 3%, = §pdX,, and
the relation between 56, and 66, is defined by the
relation [25]

6{6,+563 = 6{563 9{64

, (139)
or 86, = J.{0356 .
Using the infinitesma form of operator
L{36, €', 5x} , we obtain from relations (132)
[d x@eT; f V(%) 1 PYRO
[oxaix P4 5%
[ddxcp;‘(fa —fO%  gp®
= , (140)
J'ddX(pgx dlnp
dx@eTsfO(x) (i
[l B 3 %40 G &
Iddxcpﬁx 06

Substituting Egs. (137) and (140) into expression (136)
and introducing the partition of unity obtained in this
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way into relation (134), we obtain

d 1/2

dc. = ([ ——R(detr)
I |T| =] |_| detl|oF /o, | deta{ 63

p’(detr)’* _ p°(detr)™?

d’%,dinp (141)

- JTJ| W Geaey - J deagey

x [ de, = Ipd(detr)ﬂzddxodlnpdrg,

Weused thefact that the quantity |_| .00, /detI{ 64 is

the definition of the invariant measure of integration
dt, over the group of rotations[25]. Using relation (131)
and performing the substitution X, ; —= X, i/p, we
obtain the sought rule of transition to collective vari-
ables,

[D(3@)@:x) - @xu)
. J’(oletr)”z(ol"xo)ounpongp‘M

< @_1()(1 - XO)I:I - @_1(XM —Xo)]
o 0®*0 5 O

(142)

which is valid for d = 4. The result for d < 4 can be
obtained by setting p = 1 and eliminating the integra-
tion with respect to Inp. The expression for invariant
measure dt, depends on the method for parametrizing

matrix §; if weusethe Euler angles 9|k , thisexpression
has the form

d-1 k
dr, = ] sin ~'ekdeX,

k=11=1

(143)
0<6f<2m 0<of<m (I£1).

When the Euler angles are introduced in the d-dimen-
sional space, the rotation matrix can be written in the
form [26]

A(d=1) (DA (D)

g=0""..6"", 6" = 0.:(6D)8.(62)... 66,

where §(6) = §;.1(8) and §;(6) is the matrix of
rotation through angle 6 in the plane (x;, x;). Substitu-
tion (131) is also carried out in the Gram matrix; as a
result, its determinant turns out to be afunction of col-
lective variables. In fact, the dependence on p can be
factorized, (detl)Y2 = p4(det " )¥2 (for d = 4), and the
dependence on X, is ruled out in view of the possibility
of transition to linear combinations of rows and col-



252

umnsin the determinant; apparently the dependence on
the angles of rotation is also absent.®

The nonorthogonality of zero modes hy(X) is adso
taken into account in the transformations of determinants
according to Brézin and Parisi (see notationin [4, 19]),

D, _ del = _ D(2
HO - detGD(l) D(1) = y[nl(l Z) ’
(144)
Dr _ lsrln 50l D@2
5, - 1.0 Dep = ima—ay

as a result, the Gram matrix disappears in expression
(117) and amatrix G with the elements

G; =3 Iddxhi(x)cpi(x)h,.(x), (145)

appears instead of I"; the dependence of G on the col-
lective variables is the same as for I'. As a result, for
d =4, weobtan

B (M +1)2
2=t Sigpi)zﬂ/z Slo3 TN+ o

-1/2
x [—5(1)5"_1%} Iﬁ”_l)/zfd”ué(lul ~ 1)U, ... Uq

146
x J'(d"xo)(dlnp)drg(dete)”p“‘ w (190

~A—1 ~—1
- (=X = @ (Xm—Xo)
RO 0% 0 5 O

while for d < 4, we must put p = 1 and eliminate inte-
gration with respect to Inp. The normalization of deter-
minantsis carried out in the conventional way [19, 24]
by separating diverging factors and compensating them

by their counterterms. As a result, quantity D(1) and
D(1/3) aresimply replaced by Dg (1) and Dg(1/3) for
d < 4, whilefor d = 4, the substitution

w3y ™ - [-Da(1)Dr w3y ™
(147)
xexp(vlnup)eXp[—i %lné_:_ﬁ]

[-D(1)D"”

B9 fter the substitution y = gx, generators T; are transformed in
terms of one another. For d = 2 and d = 3, the determinant of the
transformation is equal to unity and the dependence of detl” on §
is absent; apparently, this also holds in the general case.

takes place, where

o= (d 9 fing (148)

and EdpﬁDq is the Fourier component of function @Z(X) .

To passto the asymptotic form of A, (see Section 4),
we must carry out the substitution @, — Y. andr —
r'in all expressions and represent expression (146) in
the form (49). Then we have for A« formula (47) with

pagameters (50), where S, = S P}, by —b =d(d - 1)/4,
an

_q\(HM+r)r2 . -
C = ( (S;_[)ur'/z [ r(1)Dr lEﬂD} |( bz

vz (149)

x J’d”u6(|u| ~1)Uq,. U IddxodTg(detC_E)

X Po(§7 04 — X)) .-
ford< 4 and
(_Sl)_(M +r')/2

1= (Zn)1+r'/2

A=l

We(§(xm —%0))

e

x If{“l)’zexp[— %r + v%lng— :—E}

x Iddxodlnpdrg(deté)”p““

(150)
“exp(vinpp)

080 = Xo) XO)D o (Xu— XO)D
X We 0 ~Wer 0

ford=4; here, r' =r + d(d —1)/2. All quantities appear-
ing in this formula can be calculated if the form of
instanton Y(x) is known.
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