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Abstract—It is shown that the asymptotic form of the Gell-Mann—Low function in quantum electrodynam-
ics can be determined exactly: B(g) = g for g —= oo, where g = €? is the running fine-structure constant. This
solves the problem of electrodynamics at small distances L (for which dependence g «c L2 holds) and com-

pletely eliminates the problem of “zero charge.”
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Landau, Abrikosov, and Khalatnikov showed [1]
that the relation between the bare charge e, and
observed charge e in quantum electrodynamics (QED)
is defined by the expression

2
2 _ €
1+ BzeélnAz/mz,

where m is the electron mass and A is the momentum
cutoff parameter. For a finite ¢, and for A — oo, the
“zero charge” situation (e — 0) takes place. The gen-
erally accepted interpretation of formula (1) lies in its
inversion [1],

e

(1)

2
¢ = ———— @)
1-B,e'InA"/m
so that e, corresponds to the scale of distances A~! and
is chosen in accordance with the value of observed
charge e. With increasing A, the value of e, increases
and formulas (1) and (2) become inapplicable in
region e, ~ 1; for this reason, the existence of the so-
called Landau pole in formula (2) has no physical
sense meaning.
The actual behavior of the charge as a function of
scale of distances L is controlled by the Gell-Mann—

1
Low equation :
dg

dinL

== B(g) = B8’ +Bag .. (3)

(where g = ¢€? is the fine-structure constant) and
depends on the type of function B(g). In accordance
with the Bogoliubov—Shirkov classification [2], the

U'In view of the difference in renormalization schemes, the
dependences of the bare and renormalized charge on L do not
coincide and are described by different 3 functions [3]; for these
functions, only the first two coefficients 3, and 5 are identical.

increase in g(L) is terminated if function [(g) has zero
for finite values of g and can be continued to infinity if
B(g) is nonalternating and has an asymptotic form
B(g) oc g* with a < 1 for g — oo. If, however, B(g) « g*
with o > 1, then g(L) — oo for a finite L = L, (a real
Landau pole appears), and the theory is self-contra-
dictory in view of indeterminacy of g(L) for L < L,,.
Landau and Pomeranchuk [5] tried to substantiate the
implementation of the latter possibility, arguing that
formula (1) is valid without any limitation; however,
the latter statement is correct only for exact equality
B(g) = B,g?, which obviously does not hold in view of
finiteness of [3;.

It can be concluded from the above arguments that
the problem of electrodynamics at short distances
requires knowledge of the form of the Gell-Mann—
Low function B(g) for arbitrary values of g and, in par-
ticular, its asymptotic behavior for g — oo. It was
established by the author in the recent publication [4]
that the asymptotic forms of renormalization group
functions for actual field theories can be determined
analytically. Earlier attempts at constructing the Gell-
Mann—Low function B(g) in the ¢* theory by summa-
tion of series in perturbation theory resulted in the
asymptotic form of 3(g) = B..g* for g — oo, where
o~ 1 for space dimensions of d = 2, 3, and 4 [6—8].
This leads to the hypothesis that the asymptotic form
is B(g) o« g for all values of d. Analysis of the zero-
dimensional case confirms the hypothesis and reveals
the mechanism of its implementation. It is associated
with the unexpected fact that the limit g — oo for a
renormalized charge g is controlled not by large values
of bare charge g, (which appears as intuitively obvi-
ous), but its complex values. Moreover, it is sufficient
to confine analysis to the domain |g,| < 1, in which
functional integrals can be estimated in the steepest
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descent approximation. If the direction is chosen in
the complex plane of g, so that the steepest descent
contribution from a trivial vacuum is comparable to
the steepest descent contribution from the principal
instanton, the functional integral may vanish. Limit
g — o is precisely connected with zero of one of the
functional integrals; as a result, this limit is quite con-
trollable and it is possible to obtain asymptotic forms of
the 3 function, as well as anomalous dimensions thereof
(the former function is indeed found to be linear).

Here, we show that this idea can also be employed
in QED. An attempt at reconstructing the Gell-
Mann—Low function in this theory [9] leads to a non-
alternating function B(g) (see figure) with asymptotic
form B_g% where

o=10+01, B, =1.0%03. 4)

Within uncertainty, this [ function satisfies the ine-
quality

0<B(g)<sg, (%)

derived in [10, 11] from spectral representations, while
asymptotic form (4) coincides to within the uncer-
tainty with the upper bound of inequality (5). Such a
coincidence appears to be not accidental and indicates
that asymptotic form B(g) = g is an exact result. It will
be shown below that this is indeed true.

The most general functional integral in QED con-
tains M photon fields and 2N fermion fields in the pre-
exponential factor,

Lyow = .[DAD\T/D\uAul(xl)...
X A WD)y Ty O
x exp(—=S{4, y,y}),
where S{A, y, v } is the Euclidean action,

S{A4,y,y} = .[d4x

1 2 . 7
| 3@y =0, A+ W= mo+ e |

e, and m, are the bare charge and mass; crossed sym-
bols indicate convolutions of the corresponding quan-
tities with Dirac matrices. The Fourier transforms of
integrals 1), y, with excluded & functions of momen-
tum conservation will be referred to as Ky,(g;, p;) after
extraction of the usual factors depending on tensor

2
indices; and g; and p; are the momenta of electrons
and photons. Introducing the Green functions

%2 The specific form of these factors is immaterial since the results
are independent of absolute normalization of e and m.
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General form of the Gell-Mann—Low function in QED.

GMN = K,,v/ Ky, We can determine the “amputated”
vertices '™ ™ with M photon and N electron ends:

r(0°2)@) — ]/G(O’ 2)@) =1/G(p),
r®(q) = 1/6*"(q)=1/D(q), ®)

6" (q.p,p") = D(D)G(P)GPT'"?(q,p,p),
and so on, where G(p) and D(q) are exact electron and
photon propagators.
Multiplicative renormalizability of vertex T'™:M
indicates that

M, N
r( )(qia pl: e09 mOa A)

= 2" 2" 1" V(. pi; e, m);
i.e., its divergence for A — oo vanishes after appropri-
ate separation of the Z factors and passage to renor-
malized charge e and mass m. Renormalization condi-
tions at zero momentum are accepted:

0,2)
Iy, = p-m,
(2,0) 2
(@), = 4

T 2(a, 0.0 0 = €
where we took into account the conventional pole
structure of the electron and photon propagators. Sub-
stituting expressions (10) into formula (9), we obtain
the following expressions for e, m, Z,, and Z; in terms
of the bare quantities:

€)

(10)

0 1(0.2) a
e (2 mn] )
oy p=
-1
Z3 - (%1—*(2,0)(q, ey, My, A) ) ’
aq q=0 (11)
m = —Z2r(0, 2)@: 80> My, A)‘ﬁ =0

1/2(1,2) v,
e = 22T (q,p,p's e my, N, _o-

The Gell-Mann—Low function in the renormaliza-
tion scheme used here is defined as

Ble) = —%&
dinm

, g=¢. (12)

ey, A = const

Vol. 108 No. 6 2009



982

Using expression (8) and the definition of the Green
functions G-V we obtain

K 2,0) K
r*?p) = =%, 1%%g) = =2,
Ky, (p) K(q) (13)
2 _ K;ngo,
KOZKZO

where the last relation corresponds to ¢, p, p' = 0.
Assuming that

Kp(p) = Ky, + Koop,
Ky(q) = Ky + I_(zoqz,

for small momenta and using relations (11), we obtain

(14)

> >
004202 2 004220 (15)
wo Ko KKy
Ko> K(z)szo

Further, marking differentiation with respect to m, by
a prime, we obtain

) (150_2) _ KipKp — KpKn
Koz Koo

Since differentiation in relation (12) is carried out for
e, and A = const, it is convenient to assume that these
parameters are fixed in the course of calculations; in
this case, m is a function of m, alone, and formula (16)
can be “inverted” (we can consider it as the expression
for derivative dmy/dm). In accordance with the defini-
tion of B function (12), we obtain

dm
dm,

(16)

KoK, dm
B(g) = %1(———2——0—3 - (17)
KoKy, 4™
after transformation, this gives
2
— _K12K00 (18)
KSZKZO
1 KK KK,
B(g)z5 ~'02 02 _ ~12~00
Ky Kox — Ky Koo K(z)szo
(19)

{2£+£_2£_£}
K,

Formulas (18) and (19) define dependence (g) in para-
metric form since their right-hand sides are functions of
parameters m, gy, and A, the last two of which are assumed
to be fixed. Expressing m;, in terms of g with the help of
equality (18) and substituting the result into formula (19),
we obtain [ as a function of g, g;, and A; however, the inde-
pendence of 3 from the last two parameters of ensured by
general theorems (see, for example, [3, 12]).
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Analysis carried out in [4] leads to the conclusion
that the strong coupling regime for the renormalized
interaction is associated with zero of one of the func-
tional integrals. It can be seen from formula (18) that
the limit g — oo can be attained in two ways: by mak-

ing Ky, or Ky tend to zero. For Ky, — 0, expression
(19) is simplified,

2 2
¢ =-2fw gy - Kofw
ngKzo KSZKZO
and the parametric representation can be resolved in
the form

(20)

Blg) =g g— . (21
For Ky — 0, we have
1 1
gx=—, B(gx=, (22)
K K220
whence
B(g)ocg’, g— . (23)

Thus, the asymptotic form of (g) is given either by
(21) or (23). The second possibility contradicts ine-
quality (5), while the first possibility is in excellent
agreement with results (4) obtained by summing a
series in perturbation theory. In our opinion, this
allows us to assume that expression (21) is the exact
result for the asymptotic form of 3(g). This means that
the general form of the  function (see the figure) has
been established quite reliably. If the observed charge
(corresponding to scales L = m™') is finite, the
increase in the fine-structure constant for small values
of L follows the law g oc L2 in pure electrodynamics.

In the above analysis, we proceeded from the fact
that the mechanism for the emergence of the asymp-
totic form of the B function is the same as in the ¢* the-
ory. Strictly speaking, it cannot be ruled out that the
strong coupling regime is attained via some other
mechanism (e.g., due to arapid increase in K|,). How-
ever, such a possibility appears unlikely. If we roughly
estimate the integrals, assuming that all fields are
localized on a unit scale of length,

Ky ~ (A {wy) Ky, Koo~ Koy ~ (wy) Ky,

Koo~ Ky ~ (A)" Ko,

substitution into formula (18) gives g ~ 1. A change in
the general scale of all lengths does not affect the value
of g simply in view of its dimensionless nature. For this
reason, large values of g cannot be attained by chang-
ing the amplitudes of fields 4, vy, and y or the general
scale of their spatial localization. Apparently, the only
possibility is when the mean value (4) or {\yy) for one
of the integrals turns out to be anomalously small as
compared to other integrals for some reason (e.g., due
to the sign-alternating nature of the fields). This, how-
ever, brings our analysis back to the already-consid-
ered possibilities.

(24)
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Analogously [4], zeros of the functional integrals
can be obtained for complex values of g, with |g,| < 1
from the condition of compensation of the contribu-
tion of trivial vacuum by the steepest descent contribu-
tion of the instanton configuration, which is charac-
terized by minimal action. The latter contribution was
studied comprehensively when the Lipatov asymptotic
form was calculated [9, 13—15] and has the form

[KM, 27, Pf)]m

. So\ So
= lc(qiapi)(_Z) exp(__z)a
8o 8o

(25)

where S, is the instanton action, b = (M + r)/2, and r
is the number of zero modes. Assuming that 2 =

—Sy/ gé, we arrive at expressions of the same type as
those analyzed in [4]. It can easily be verified that
zeros of different integrals K,y and their derivatives
with respect to m, are realized at different points.

This approach gives new insight into the ideas of
Landau and Pomeranchuk [5], who noted that in
accordance with formula (1), with increasing ey,
observed charge e attains a value of 1/(B,InA2/m?)!/?
independent of e,, and that the photon propagator fol-

lows the dependence D o« 1/ eé by virtue of relation
e’ oc ef) D. Such a behavior can be obtained with the

substitution of A — A4 /e, in functional integral (6)
and omission of the term quadratic in 4 in action (7).
Such a procedure, being justified for ¢, < 1, is still
valid all for e, = 1, which suggests that formula (1) is
applicable for any e,

These considerations may turn out to be correct at

the qualitative level3 for real values of e,, which were
presumed here. By analogy with the ¢* theory, we can
expect [4] that the variation of e, along the real axis
corresponds to the variation of e from zero to a finite
value e,,,. If it turns out that e, ,, — 0 for A — oo,
this will indicate that formula (1) is qualitatively valid.
Monte Carlo simulations [16] indicates the correct-
ness of this pattern in ¢* theory. However, construction
of a theory with finite interaction over large distances
requires that complex values of e, with |e,| = 1 be used
[4]. In this case, neither the reduction of a functional
integral to dimensionless form (which is substantiated

3 The correctness of these considerations at the quantitative level
is ruled out by the fact that the  function is not quadratic. In

fact, proportionality D oc 1/ e(z) follows from the reduction of the

functional integral to dimensionless form only for e, > 1, while
the same dependence following from formula (1) for ¢y < 1 may
be for different reasons. This dependence is obviously violated
for ey ~ 1, but the coincidence of the proportionality factors in
the orders of magnitude can be expected from the matching
conditions.
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for |ey| = 1) nor formula (1) itself is valid. The latter
statement is due to the fact that perturbation theory is
inapplicable in view of the essential role of the instan-
ton contribution in spite of the possibility of using val-
ues of |ey| << 1.

Some authors believe that the asymptotic form of
B(g) for QED with N flavors of fermions is quadratic in
the limit N — oo, but this is not true. The expansion
coefficients for the B function are polynomials in N
and have the following structure [17, 18]:

B(g) = B,Ng’ + BsNg’ + B4(N* +aN)g’
+Bs(N +bN +cN)g + ...,

where B,, B3, B4, @, ... are on the order of unity. The
model is exactly solvable in the specific limit N — oo,
gN = const [19]; i.e., we must set g = g/N, PB(g) =

(26)

B(é )/N and assume that g is fixed. In this case,

B(g) = P,g" + O(1/N), and the B function is effec-
tively of the one-loop form for N — . The proce-
dure used here is valid for g = const or g ~ 1/N but
provides no information on the domain of g ~ 1 or,
moreover, for g > 1. For this reason, we cannot judge

4
the asymptotic form of the § function in these cases.

ACKNOWLEDGMENTS

The author is grateful to L.P. Pitaevskii and
M. V. Sadovskii for fruitful discussion of the results
and critical remarks and to the participants of semi-
nars at the Institute of Theoretical and Experimental
Physics and St. Petersburg Nuclear Physics Institute
for their interest in this work.

This study was financially supported by the Russian

Foundation for Basic Research (project no. 06-02-
17541).

REFERENCES

1. L. D. Landau, A. A. Abrikosov, and I. M. Khalatnikov,
Dokl. Akad. Nauk SSSR 95, 497, 773, 1177 (1954).

2. N. N. Bogolyubov and D. V. Shirkov, Introduction to the
Theory of Quantum Fields (Nauka, Moscow, 1976;
Wiley, New York, 1980).

3. A. A.Vladimirov and D. V. Shirkov, Usp. Fiz. Nauk 129
(2),407 (1979) [Sov. Phys.—Usp. 22 (10), 860 (1979)].

4. 1. M. Suslov, Zh. Eksp. Teor. Fiz. 134 (3), 490 (2008)
[JETP 107 (3), 413 (2008)].

5. L. D. Landau and I. Ya. Pomeranchuk, Dokl. Akad.
Nauk SSSR 102, 489 (1955); 1. Ya. Pomeranchuk,
Dokl. Akad. Nauk SSSR 103, 1005 (1955).

6. 1. M. Susloy, Zh. Eksp. Teor. Fiz. 120 (1), 5 (2001)
[JETP 93 (1), 1 (2001)].

4 Explicit calculation of correction O(1/N) to the one-loop result
shows [18] that this correction has periodic divergences and
cannot be regarded as small for arbitrarily large values of V.

Vol. 108 No. 6 2009



984

7.

8.

10.
11.
12.

13.

SUSLOV

A. A. Pogorelov and I. M. Suslov, Zh. Eksp. Teor. Fiz.
132 (2), 406 (2007) [JETP 105 (2), 360 (2007)].

A. A. Pogorelov and I. M. Suslov, Pis’'ma Zh. Eksp.
Teor. Fiz. 86 (1), 41 (2007) [JETP Lett. 86 (1), 39
(2007)].

I. M. Suslov, Pis’ma Zh. Eksp. Teor. Fiz. 74 (4), 211
(2001) [JETP Lett. 74 (4), 191 (2001)].

N. V. Krasnikov, Nucl. Phys. B 192, 497 (1981).
H. Yamagishi, Phys. Rev. D: Part. Fields 25, 464 (1982).

E. Brezin, J. C. Le Guillou, and J. Zinn-Justin, in
Phase Transitions and Critical Phenomena, Ed. by
C. Domb and M. S. Green (Academic, New York,
1976), Vol. 6.

L. N. Lipatov, Zh. Eksp. Teor. Fiz. 72 (2), 411 (1977)
[Sov. Phys. JETP 45 (2), 216 (1977)].

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 108

14

15

16

17

18

19

. E. B. Bogomolny and V. A. Fateyev, Phys. Lett. B 76,
210 (1978).

. E. B. Bogomolny, V. A. Fateyev, and L. N. Lipatov, Sov.
Sci. Rev., Sect. A 2, 247 (1980).

. B. Freedman, P. Smolensky, and D. Weingarten, Phys.
Lett. B 113, 481 (1982).

. S. G. Gorishny, A. L. Kataev, S. A. Larin, and
L. R. Surguladze, Phys. Lett. B 256, 81 (1991).

. A. Palanques-Mestre and P. Pascual, Commun. Math.
Phys. 95, 277 (1984).

. M. Moshe and J. Zinn-Justin, Phys. Rep. 385, 69
(2003).

Translated by N. Wadhwa

No. 6 2009




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


